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DYNAMIC PREFERENCE FOR FLEXIBILITY

BY R. VIJAY KRISHNA AND PHILIPP SADOWSKI1

We consider a decision maker who faces dynamic decision situations that involve in-
tertemporal trade-offs, as in consumption–savings problems, and who experiences taste
shocks that are transient contingent on the state of the world. We axiomatize a recursive
representation of choice over state contingent infinite horizon consumption problems,
where uncertainty about consumption utilities depends on the observable state and the
state follows a subjective Markov process. The parameters of the representation are
the subjective process that governs the evolution of beliefs over consumption utilities
and the discount factor; they are uniquely identified from behavior. We characterize a
natural notion of greater preference for flexibility in terms of a dilation of beliefs. An
important special case of our representation is a recursive version of the Anscombe–
Aumann model with parameters that include a subjective Markov process over states
and state-dependent utilities, all of which are uniquely identified.

KEYWORDS: Dynamic choice, taste shocks, continuation strategic rationality, recur-
sive Anscombe–Aumann model.

1. INTRODUCTION

UNCERTAINTY ABOUT FUTURE CONSUMPTION UTILITIES influences how eco-
nomic agents make decisions. A decision maker (DM) who is uncertain about
future consumption utilities, perhaps due to uncertain future risk aversion or
other taste shocks, prefers not to commit to a course of future action today
and, therefore, has a preference for flexibility. For example, DM might be will-
ing to forfeit current consumption if this allows him to delay a decision about
future consumption. While this intuition is inherently dynamic, standard mod-
els that accommodate preference for flexibility, most prominently Kreps (1979)
and Dekel, Lipman, and Rustichini (2001) (henceforth DLR2), are static in the
sense that there is no intertemporal trade-off (although Kreps (1979) suggests
that an infinite horizon model of preference for flexibility is desirable). In this
paper, we consider a dynamic environment, allow DM’s taste shocks to have
an unobservable transient as well as an observable persistent component, and
provide foundations for a recursive representation of DM’s preferences that is
fully identified.

We consider state contingent infinite horizon consumption problems
(S-IHCPs) as the domain of choice. Given the collection of relevant states of
the world, S-IHCPs are defined recursively as acts that specify, for each state
of the world, a decision problem, which is a menu (i.e., a closed set) of lot-

1We would like to thank, without implicating, Haluk Ergin, Sujoy Mukerji, Wolfgang Pesendor-
fer, Todd Sarver, Norio Takeoka, six anonymous referees, and Philippe Jehiel for helpful com-
ments and suggestions, and Vivek Bhattarcharya, Matt Horne, and Justin Valasek for valuable
research assistance. Krishna gratefully acknowledges support from the National Science Founda-
tion (Grant SES-1132193).

2A relevant corrigendum is Dekel, Lipman, Rustichini, and Sarver (2007) (henceforth DLRS).
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teries that yield a consumption prize in the present period and a new S-IHCP
starting in the next period. For a simple example of an S-IHCP that features
only degenerate lotteries, suppose DM has fixed income y in every period and
current wealth w. The relevant state of the world is the per period price of
consumption, ρ > 0. In each period, DM can choose to consume an amount
m ∈ [0� w+y

ρ
] at costmρ. This will leave him with wealth w′ =w+y−mρ for the

next period. Given this technology, we can formulate the consumption prob-
lem he faces recursively as a price contingent collection of feasible pairs of
current consumption and a new consumption problem for the next period,

fw(ρ) :=
{
(m�fw′) :m ∈

[
0�
w+ y
ρ

]
�w′ =w+ y −mρ

}
�

In the case where the state space is degenerate (in the example this corre-
sponds to ρ being constant), our domain reduces to that of Infinite Horizon
Consumption Problems (IHCPs) introduced by Gul and Pesendorfer (2004),
henceforth GP.

The domain of S-IHCPs is rich and allows for complicated future choice
behavior.3 For example, future choices may depend directly on time or on con-
sumption history. We rule out such dependencies so as to stay as close to the
standard model as possible.4 A decision maker who does not anticipate any
taste shocks, contingent on the state of the world, is not averse to commit-
ting to a state contingent plan of choice. Following Kreps (1979), we refer to
this property as State Contingent Strategic Rationality. In contrast, a decision
maker who anticipates taste shocks should satisfy Monotonicity, that is, he al-
ways weakly prefers to retain additional options.

We consider taste shocks that are transient (relevant only for one period)
contingent on the state of the world. DM should then be strategically rational
with respect to his choice of continuation problem beginning in the next period.
This is the content of our main behavioral axiom State Contingent Continuation
Strategic Rationality (S-CSR).

Conceptually, full state contingent strategic rationality would greatly sim-
plify the analysis of DM’s behavior. If it is violated with respect to all S-IHCPs
because of unobservable taste shocks, then it is desirable to understand the
nature of this violation by asking if DM is strategically rational with respect to
some smaller class of S-IHCPs, for example, as in S-CSR.

Based on S-CSR, we provide a representation of dynamic preference for flex-
ibility (DPF) that is the solution to a Bellman equation and can, therefore,
be analyzed using standard dynamic programming techniques. The evolution

3We only model the initial choice of a consumption problem, but our representation suggests
dynamically consistent future choice.

4Dependence of choice on the consumption history is central to the notion of habits. We are
independently working on a model of habit formation on the domain of IHCPs.
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of uncertainty about future consumption utilities is driven by the evolution of
the (observable) state of the world, which in turn follows a subjective Markov
process. All the parameters of the representation, which are the transition op-
erator on the state space, state contingent beliefs over consumption utilities,
and the discount factor, are uniquely identified. In contrast, the static model of
DLR cannot identify beliefs over consumption utilities.

The domain of S-IHCPs accommodates important special cases. If the ob-
servable state space is degenerate (so there are no observable shocks), then
S-CSR becomes Continuation Strategic Rationality (CSR) on the domain of
IHCPs. The resulting representation features unobservable transient taste
shocks that are independent and identically distributed (i.i.d.). If, instead, the
analyst can only observe nontrivial preferences over state contingent infinite
horizon consumption streams (which provide no flexibility), rather than pref-
erences over all S-IHCPs, then the model reduces to a fully identified recursive
version of the Anscombe–Aumann model with state dependent utilities.

The DPF representation is a generalization of “taste shock” models that are
commonly used in applied work. Our axioms spell out the testable implications
of such models. In particular, if the model features i.i.d. shocks, then choice
should satisfy CSR. To test this assumption, consider an agent who must order
inventory for the coming season. For example, a farm may need to order seeds
for the coming planting season and face shocks to their taste for seeds due to
unmodelled environmental conditions. Suppose the order can either be placed
long in advance or shortly before the season starts. If the agent is willing to pay
a premium to delay placing the order, then CSR is violated and, hence, the i.i.d.
model is misspecified: Taste shocks must then have a persistent component. It
is possible that this persistent component can be captured by easily observable
environmental conditions, such as rainfalls prior to the start of the season. In
that case, choice should satisfy S-CSR, which can be tested in a similar fashion.

Our identification results allow us to characterize a notion of greater pref-
erence for flexibility in terms of a dilation (which is a multidimensional mean
preserving spread) of beliefs over consumption utilities.

Identification is also relevant for model based forecasting, which is a central
reason for the use of formal models. It involves estimating a relevant param-
eter in one context so as to forecast outcomes in another. Model based fore-
casting, thus, requires that (i) the relevant parameter is uniquely identified and
(ii) the modeller is willing to assume that the parameter is meaningful outside
the context of the observed data. In our model, beliefs over consumption util-
ities are uniquely identified. Those beliefs might, for example, forecast future
choice frequencies of alternatives from continuation problems, as discussed in
Sadowski (2013).

The remainder of the paper is structured as follows. Section 2 reviews related
literature. Section 3 lays out the basic framework, introduces the representa-
tion, explains the axioms, and derives our main theorem, which establishes that
the axioms are the behavioral content of the representation. Section 4 discusses
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important special cases. Section 5 concerns the empirical content of our the-
ory, where Section 5.1 discusses the lack of identification in the static model
of DLR and provides a direct intuition for the identification of the parameters
in our dynamic model, Section 5.2 suggests specific choice experiments from
which an experimenter could elicit those parameters, and Section 5.3 provides
a characterization of greater preference for flexibility in terms of the parameters.
Section 6 concludes. All proofs, as well as a general representation of prefer-
ence for flexibility with an infinite prize space, are provided in the Appendices.

2. RELATED LITERATURE

Our work builds on standard axiomatic models of preference for flexibility,
which follow Kreps (1979) and investigate choice over menus of consumption
outcomes. The second seminal paper in this literature, DLR, modifies the do-
main to consider menus of lotteries over outcomes as objects of choice. This
facilitates the interpretation of the subjective states as tastes, where a taste is
simply a (twice normalized) von Neumann–Morgenstern (vN-M) ranking over
consumption outcomes. While menu choice can capture DM’s attitude towards
the future, implied choice in these models is actually static, in the sense that
there is no opportunity for any intertemporal trade-off. We provide a model of
preference for flexibility due to uncertain consumption utilities in the tradition
of these earlier papers, where the implied choice is dynamic.

As mentioned before, if the set of observable states is degenerate, then our
recursive domain of S-IHCPs reduces to that of IHCPs, first analyzed by GP,
who show that this recursive domain is well defined. GP provide a dynamic
model of consumption with temptation preferences. We allow, instead, for un-
certain utilities. The space of possible utilities on our dynamic domain is infi-
nite dimensional, which complicates the analysis. Higashi, Hyogo, and Takeoka
(2009) also consider preference for flexibility on the domain of IHCPs. Their
model only accommodates preference for flexibility due to a random discount
factor that follows an i.i.d. process, but not due to, say, uncertainty about risk
aversion, as explained in Section 4.2. Our model nests theirs in terms of behav-
ior. Takeoka (2006) considers choice between menus of menus of lotteries and
derives a three period version of DLR. The model cannot capture intertem-
poral trade-offs and, consequently, the representation is only jointly identified,
as in DLR. Rustichini (2002) considers preferences over lotteries over sets of
infinite consumption paths. While an additive representation can be obtained,
the domain precludes a recursive value function and does not allow unique
identification of the representation.

Static models of preference for flexibility lack identification because the set
of possible utilities is the subjective state space, which means that utilities
are (trivially) state dependent. These models, therefore, suffer from the same
lack of identification as the Anscombe and Aumann (1963) model with state-
dependent utilities. DLR suggest the introduction of a numeraire good (with
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state-independent valuation) to their model, so as to identify beliefs uniquely
in the same sense that they are uniquely identified in the Anscombe and Au-
mann model with state independence.5 If the objective state space is degen-
erate, then the source of identification in our representation is similar, where
the numeraire arises naturally in the form of continuation problems. In con-
trast, continuation utilities in the DPF representation are state dependent, and
identification relies directly on the recursive structure of the representation
(Section 5.1 provides intuition for this result).

Sadowski (2013) identifies beliefs in a situation where preference for flexibil-
ity depends on the state of the world by requiring the observable states to con-
tain information that is “sufficiently relevant” for future preferences. Instead
of choice between menus, Gul and Pesendorfer (2006) study random choice
from menus. Observed choice frequencies naturally correspond to a unique
measure over utilities, but the scaling of utilities remains arbitrary in their
model. Ahn and Sarver (2013) simultaneously model choice between menus
and random choice from menus. They achieved full identification by requiring
the beliefs in the representation of choice between menus to correspond to fre-
quencies of choice from menus. Dillenberger, Lleras, Sadowski, and Takeoka
(2013) fully identify representations of preference for flexibility that feature
uncertain future beliefs, rather than uncertain future tastes.

That a decision maker can be uncertain about future preferences in a dy-
namic setting is noted by Koopmans (1964), who distinguishes between once-
and-for-all planning, where the agent selects an action for all possible fu-
ture contingencies, and piecemeal planning, where, in each period, the agent
chooses an action for the current period while simultaneously narrowing the
set of alternatives for the future. Jones and Ostroy (1984) consider a nonax-
iomatic (but dynamic) model of choice, where an agent prefers flexibility due
to uncertainty about future utilities. They point out that preference for flexi-
bility, for example, in the form of preference for liquidity, is a pervasive theme
in economics, and they relate many instances in macroeconomics and finance
where DM’s dynamic behavior exhibits preference for liquidity in particular
and preference for flexibility in general, as in Goldman (1974). They also dis-
cuss a notion of greater variability of beliefs, which roughly corresponds to our
notion of a dilation of beliefs. A special case of our representation (see Corol-
lary 6) is used in empirical work by Hendel and Nevo (2006), who study the
problem of a decision maker who maintains an inventory.

A growing literature argues that variations in preferences over time—in par-
ticular, in risk aversion—are central in explaining various market behaviors.
Indeed, estimated risk aversion has been suggested as a useful index of market
sentiment (see, for example, Bollerslev, Gibson, and Zhou (2011)), and there
is evidence that the largest component of changes of the equity risk premium
is variation in risk aversion, rather than the quantity of risk (see Smith and

5Schenone (2010) formalizes this argument.
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Whitelaw (2009)). More generally, variation of risk aversion over time has been
considered in representative agent settings to improve our understanding of as-
set pricing phenomena. For instance, Campbell and Cochrane (1999) identify
variations in risk premia that correlate with the fundamentals of the economy
as a crucial aspect of many dynamic asset pricing phenomena.6 Bekaert, En-
gstrom, and Grenadier (2010) show that stochastic risk aversion that is not
driven by, or perfectly correlated with, the fundamentals of the economy can
explain a wide range of asset pricing phenomena, as well as fit important fea-
tures of bond and stock markets simultaneously. Our DPF representation can
accommodate both kinds of stochastic risk aversion.

An immediate application of our model is provided in Krishna and Sad-
owski (2012), who investigate a Lucas tree economy with an investment stage
and a representative agent whose preferences satisfy our axioms. They show
that greater variation in risk aversion results in greater price volatility. Per-
haps more surprisingly, they apply our characterization of greater preference
for flexibility to find that this variation also reduces investment in a productive
asset with liquidity constraint. This type of prediction could help discipline the
use of taste shock models in applied work.

3. MODEL AND REPRESENTATION

In this section, we describe the environment and provide a model of dynamic
preference for flexibility with observable persistent and unobservable transient
taste shocks.

3.1. Environment

For a compact metric space Y , let P (Y) denote the space of probability
measures endowed with the topology of weak convergence, so that P (Y) is
compact and metrizable. Let K(Y) denote the space of closed subsets of a
compact metric space Y , endowed with the Hausdorff metric, which makes
K(Y) a compact metric space. Let S := {1� � � � � n} be a finite set of states of the
world. For any metric space Y , H(Y) := YS is the space of acts from S to Y .

Let M be a finite set of consumption prizes with typical member m. A state
contingent infinite horizon consumption problem (S-IHCP) is an act that spec-
ifies, for each state of the world, an (infinite horizon) consumption problem.
Such a consumption problem is a menu (i.e., a set) of lotteries that yield a con-
sumption prize in the present period and a new S-IHCP starting in the next
period.

6In Campbell and Cochrane (1999), the correlation is generated indirectly via habit forming
consumption choices. Empirically, however, it is the correlation itself that is important and not
the particular mechanism (such as habit formation) that drives it, as Bekaert, Engstrom, and
Grenadier (2010) point out.
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Let H be the collection of all S-IHCPs. It can be shown that H is linearly
homeomorphic to the space of all acts that take values in K(P (M × H)).7
We denote this linear homeomorphism as H � H(K(P (M × H))). Typical
S-IHCPs are f�g ∈H; typical elements x� y� z ∈ K(P (M ×H)) (also written
as K) are menus of lotteries over consumption and S-IHCPs;p�q ∈ P (M×H)
are typical lotteries; and pm and ph denote the marginal distributions of p on
M and H, respectively. Each f ∈H can be identified with an act that yields a
compact set of probability measures over M ×H in every state.

We take the convex sum of sets to be the Minkowski sum; thus, for x� y ∈ K
and λ ∈ [0�1], λx + (1 − λ)y := {λp + (1 − λ)q :p ∈ x�q ∈ y}. Notice that if
x� y ∈ K , then λx + (1 − λ)y is also closed and, hence, is in K . Then, for
f�g ∈H, we define (λf + (1 − λ)g)(s) := λf(s)+ (1 − λ)g(s) ∈ K for each s.
Clearly, H is convex.

When there is no risk of confusion, we identify prizes and continuation prob-
lems with degenerate lotteries and lotteries with singleton menus. For example,
we denote the lottery over continuation problems that yields x with certainty
by x, and denote the lottery that yields current consumption m and continua-
tion problem f with certainty by (m�f ). Similarly, x ∈H also refers to the act
that gives x ∈ K in every state.

We explicitly model choice between consumption problems from an ex ante
perspective, before consumption begins. That is, we analyze a binary relation
�⊂H ×H, which we refer to as a preference. We let � and ∼ denote, respec-
tively, the asymmetric and symmetric parts of �. The interpretation is that,
following the initial choice of an S-IHCP, the state of the world, s ∈ S, is real-
ized and DM gets to choose an alternative from the corresponding menu.

The recursive domain of S-IHCPs is amenable to analysis by stochastic dy-
namic programming. Its construction follows the descriptive approach of Kreps
and Porteus (1978) in that it more closely describes how economic agents act
and, as mentioned above, embodies what Koopmans (1964) refers to as piece-
meal planning: instead of choosing a consumption stream that determines con-
sumption for all time, at each instant the decision maker chooses immediate
consumption as well as a set of alternatives for the future.

3.2. Representation of Dynamic Preference for Flexibility

We now introduce a representation of dynamic preference for flexibility
for �. The relevant subjective state space (for each s) is the set of all vN-M
utility functions over M that are identified up to an additive constant, U :=
{u ∈ R

M :
∑
ui = 0}, endowed with the Borel σ-algebra. Subjective states u ∈ U

are naturally referred to as consumption utilities.8 Probability measures on

7We describe the construction of H in Appendix B.
8Subjective states in static models of state-dependent expected utility, such as the model in

DLRS, are consumption utilities that are normalized up to the addition of constants (i.e., requir-
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U are referred to as subjective beliefs. To ensure that expected consump-
tion utility under a measure μ on U is well defined, the expected utility from
every prize m ∈ M must be finite. We say a measure μ is nice if it satisfies
μu := ´

U
udμ(u) ∈ U; it is nontrivial if μ({0}) �= 1.

DEFINITION 1: Let U be defined as above and let (μs)s∈S be a collection of
nice probability measures on U such that for some s′ ∈ S, μs′ is nontrivial. Let
Π represent the transition probabilities for a fully connected Markov process
on S9 and let π denote time-0 beliefs about the states in S. Also, let δ ∈ (0�1).
A preference � on H has a representation of dynamic preference for flexibility
(a DPF representation) ((μs)s∈S�Π�δ) if V0(·) := ∑

s V (·� s)π(s) represents �,
where V (·� s) is defined recursively as

V (f� s)=
∑
s′∈S
Π

(
s� s′

)[ˆ
U

max
p∈f (s′)

[
u(pm)+ δV (

ph� s
′)]dμs′(u)

]
(3.1)

and where π is the unique stationary distribution of Π.

In the representation above, V is linear on H, and V (ph� ·) denotes the
linear extension (by continuity) of V from H to P (H), that is, V (ph� ·) =´
V (g� ·)dph(g). Notice that V0(f ) takes the form

V0(f )=
∑
s

π(s)

ˆ
U

max
p∈f (s)

[
u(pm)+ δV (ph� s)

]
dμs(u)�

which follows from the fact that π(s′)= ∑
s π(s)Π(s� s

′) for all s′ ∈ S, because
π is the unique stationary distribution of Π.

The Markov process represented byΠ captures observable and possibly per-
sistent taste shocks, while the state contingent measures (μs)s∈S account for
additional unobservable transient shocks. Initial time-0 beliefs are given by π
and correspond to DM’s long-run (ergodic) beliefs about the distribution of
states. Finally, DM’s patience is captured by the time preference parameter
δ ∈ (0�1).

The DPF representation suggests that DM is uncertain about the per pe-
riod consumption utility, which captures how much enjoyment he derives from
today’s consumption, but not about his patience.

ing
∑

i ui = 0 for every utility u) and the scaling (e.g.,
∑

i u
2
i = 1 for every possible utility u). In

contrast, as Section 5.1 discusses in detail, the dynamic context allows us to identify the scaling
from behavior. Anticipating this, the space U contains all possible consumption utilities up to
the addition of constants. In particular, u ∈ U implies λu ∈ U for all λ ≥ 0. Importantly, addi-
tive constants have no behavioral implications in the context of a linear aggregator, such as the
expected utility representation in Definition 1.

9The probability of transitioning to state s′ from state s is Π(s� s′). The Markov process with
state space S is fully connected if Π(s� s′) > 0 for all s� s′ ∈ S.
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PROPOSITION 2: Each DPF representation ((μs)s∈S�Π�δ) induces a unique
continuous function V ∈ C(H × S) that satisfies equation (3.1).

The proof is in Appendix A.1.

3.3. Axioms

We now discuss our axioms without reference to the DPF representation, but
Theorem 1 in Section 3.4 establishes that the axioms are its behavioral content.

To define the induced ranking of menus contingent on the state, �s, fix x∗ ∈
K and for any x ∈ K , consider the act

f xs
(
s′
) :=

{
x� if s = s′,
x∗� otherwise.

For any x� y ∈ K , let x�s y if and only if f xs � f ys . Under our axioms below, �s

turns out to be independent of the particular x∗ chosen in the definition.
Our first two axioms on � collect standard requirements.

AXIOM 1—Statewise Nontriviality: Every state s is nonnull in the sense that
there exist x� y ∈ F such that x�s y .

AXIOM 2—Continuous Order: � is (a) complete and transitive and (b) con-
tinuous in the sense that the sets {f : f � g} and {f :g� f } are closed.

The following axiom is the usual independence axiom as applied to our do-
main.

AXIOM 3—Independence: f � g implies λf + (1 − λ)h� λg+ (1 − λ)h for
all λ ∈ (0�1) and h ∈H.

We are interested in a decision maker who anticipates preference shocks
contingent on the state and, hence, values flexibility.

AXIOM 4—Monotonicity: x∪ y �s x for all x� y ∈ K and s ∈ S.

This is the central axiom in Kreps (1979). It says that additional alternatives
are always weakly beneficial.

The next axiom says that DM does not care about correlations between out-
comes in M and H, but only cares about the marginal distributions induced
by the lotteries in the menu. In particular, if two lotteries induce the same
marginal distributions over M and H, then DM does not value the flexibility
of having both lotteries available for choice.
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AXIOM 5—Separability: For p�q ∈ P (M×H), if pm = qm and ph = qh, then
{p�q} ∼s {p} for all s ∈ S.

Our version of Separability is stronger than the version assumed by GP. Vari-
ants of the axiom also appear in Higashi, Hyogo, and Takeoka (2009) and
Schenone (2010). It is instructive to consider a very specific example of a po-
tential complementarity ruled out by Separability. Consider two S-IHCPs that
correspond to meal plans for consecutive evenings, f1� f2 ∈H. Both plans pro-
vide the diner with a degenerate choice the first two nights, and do not restrict
the available meals in any other period. The plan f1 yields, with equal prob-
ability, either pizza today and salad tomorrow or vice versa, while f2 yields
either pizza both nights or salad both nights, also with equal probability. It
does not seem unreasonable that DM would prefer a more varied diet and so
rank f1 � f2. However, both plans clearly generate the same marginal distribu-
tion over meals in each period, and so Separability rules this out. We note that
virtually all dynamic models used in applications satisfy Separability.

Versions of the next two axioms appear in GP, who provided a more detailed
discussion. We are interested in stationary preferences, where the ranking of
continuation problems does not depend on time. The recursive nature of the
domain allows us to capture this notion via the following axiom, which says that
if f � g, then f is also better than g as a certain continuation problem.

AXIOM 6—Aggregate Stationarity: f � g if and only if {(m�f )} � {(m�g)}
for all m ∈M .

The domain of S-IHCPs is rich enough to describe temporal lotteries, as in
Kreps and Porteus (1978). We abstract from any preference for the timing of
resolution of uncertainty by imposing the following axiom.

AXIOM 7—Singleton Indifference to Timing: {λ(m�f )+ (1 − λ)(m�g)} ∼s

{(m�λf + (1 − λ)g)} for all λ ∈ [0�1] and s ∈ S.

The axiom states that in every state s, DM is indifferent between (i) receiv-
ing lottery λ(m�f )+ (1−λ)(m�g), which yields consumptionm with certainty
and determines whether the degenerate continuation problem will be f or g
(early resolution), and (ii) receiving with certainty consumptionm and the con-
tinuation menu λf + (1 −λ)g, where uncertainty only resolves in the following
period (late resolution).10

10In particular, suppose state s′ is realized tomorrow. The hypothetical choice of lotteries p
from f (s′) and q from g(s′), when considered before the resolution of the lottery over (m�f ) and
(m�g) in (i), generates the distribution λp+ (1 − λ)q over outcomes (m′� f ′) ∈M ×H . This is
the same distribution as that of lottery λp+ (1 − λ)q from (λf + (1 − λ)g)(s′) in (ii). The only
difference is that the uncertainty in (i) resolves in two stages, while the uncertainty in (ii) resolves
entirely in the second stage.
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If all uncertainty is captured by the objective state s, then �s should be
strategically rational. In the presence of unobservable shocks, strategic ratio-
nality will be violated, even contingent on the state. Our central new axiom,
State Contingent Continuation Strategic Rationality (S-CSR), requires all per-
sistent shocks that are relevant for future consumption tastes to be commonly
observed (i.e., captured by the state of the world), while allowing additional
unobserved transient taste shocks.

AXIOM 8—S-CSR: {(m�f )} �s {(m�g)} implies {(m�f )� (m�g)} ∼s {(m�f )}
for all m ∈M and s ∈ S.

The axiom considers the choice of a menu contingent on s. All menus com-
pared here fix first period consumption in state s at m. The axiom says that,
contingent on s, there is no preference for flexibility with respect to continu-
ation problems. The axiom does not imply that DM is certain about his con-
sumption utility following the first period. It only implies that he does not ex-
pect this uncertainty to be resolved prior to the subsequent period’s choice. In
particular, the axiom is silent on how DM values the state contingent option
of retaining the alternatives from both x and y for choice two periods ahead.
We interpret the ranking {(m�f x∪ys )} � {(m�f xs )} � {(m�f ys )}, which is not pre-
cluded by Axiom 8, as the manifestation of DM’s uncertainty about his state
contingent consumption utility two periods ahead.

Our last axiom holds if the state space is large enough, so that the current
objective state captures all past persistent shocks. In the more familiar context
of objective uncertainty, states are routinely assumed to follow a (first order)
Markov process, and this is justified by assuming that the state space is suffi-
ciently large.

AXIOM 9—History Independence: {(m�f xs )} �s′ {(m�f ys )} implies {(m�
f xs )} �s′′ {(m�f ys )} for all x� y ∈ K , m ∈M , and s� s′� s′′ ∈ S.

In analogy to the definition of x �s y as DM’s ranking of menu x over y
contingent on the first period’s state being s, one can interpret {(m�f xs )} �s′
{(m�f ys )} as DM’s ranking of x over y contingent on the first and second pe-
riod’s states being s′ and s, respectively. The axiom says that this contingent
preference is independent of the first state realization.

3.4. Representation Theorem

DEFINITION 3: Two probability measures μ and μ′ on U are identical up to
scaling if there is λ > 0 such that μ(D) = μ′(λD) for all measurable D ⊂ U,
where λD := {λu :u ∈D}. Two collections of measures (μs)s∈S and (μ′

s)s∈S are
identical up to a common scaling if, for each s, μs and μ′

s are identical up to a
scaling that is independent of s.
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Given a DPF representation ((μs)s∈S�Π�δ) of �, scaling (μs)s∈S corresponds
to a scaling of the induced value function V .

THEOREM 1: The binary relation � satisfies Axioms 1–9 if and only if it has
a DPF representation, ((μs)s∈S�Π�δ). Moreover, the measures (μs)s∈S are unique
up to a common scaling, and Π and δ are unique.

We begin the proof (Appendix A.1) by establishing a representation that is
additively separable over S in a straightforward manner. The construction of
the DPF representation then has three main steps. First, we find a DLR-type
representation of the induced binary relation �s on menus of lotteries. Since
our lotteries are defined on an infinite dimensional space of outcomes, this
requires a generalization of the representation theorem in DLR for infinite
dimensional prize spaces. Theorem 3 in Appendix A.1 provides such a repre-
sentation that features an infinite dimensional state space with a measure that
is normal (i.e., is outer and inner regular, in the terminology of Aliprantis and
Border (1999)), but only finitely additive, and that further lacks the identifica-
tion properties of the representation in DLR.

The second step relies heavily on S-CSR in constructing a recursive repre-
sentation where δ may depend on the observable state s. We establish that our
axioms—in particular, S-CSR (Axiom 8) and Separability (Axiom 5)—allow us
to confine attention to a subjective state space that consists of instantaneous
consumption utilities and so is finite dimensional. The carrier of the measure
can then be taken to be finite dimensional. This enables us to show that the
measure is tight with respect to a compact class of sets and so can be regarded
as a regular, countably additive probability measure. We can, therefore, confine
attention to a finite dimensional state space and countably additive measures.

The final step consists of showing that there exists exactly one such represen-
tation where patience, δ, is state independent. We show this via an application
of the Perron Theorem (Theorem 4 in Appendix D). Note, again, that The-
orem 1 only identifies consumption utilities up to the addition of constants.
Importantly, because additive constants have no behavioral implications in the
context of the DPF representation (which is linear), the uniquely identified
measures (μs) are independent of the normalization of these additive con-
stants; in our case,

∑
ui = 0 for all u ∈ U. Intuition for the unique identifica-

tion that highlights the role of recursivity is given in Section 5.1.
The Markov processΠ has a unique stationary distribution because it is fully

connected. To see why this stationary distribution is the appropriate prior π for
period 0 behavior, recall that Aggregate Stationarity (Axiom 6) requires that
f � g if and only if {(m�f )} � {(m�g)}. Therefore, V0(·) and

∑
s π(s)V (·� s)

should represent the same preferences. Let us compute both terms in turn:

V0(f ) :=
∑
s′
π

(
s′
)ˆ

U

max
p∈f (s)

[
u(pm)+ δV (

ph� s
′)]dμs′(u)
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and
∑
s

π(s)V (f� s)

=
∑
s

π(s)
∑
s′
Π

(
s� s′

)ˆ
U

max
p∈f (s)

[
u(pm)+ δV (

ph� s
′)]dμs′(u)

=
∑
s′

∑
s

π(s)Π
(
s� s′

)ˆ
U

max
p∈f (s)

[
u(pm)+ δV (

ph� s
′)]dμs′(u)�

It is clear that if π is a stationary distribution of Π, that is, if π(s′) =∑
s π(s)Π(s� s

′) for all s′ ∈ S, then V0(·) = ∑
s π(s)V (·� s) for every f ∈ H,

and, hence, V0(·) and
∑

s π(s)V (·� s) do represent the same preferences. Us-
ing Singleton Indifference to Timing (Axiom 7), we show in Proposition 31 in
Appendix D.2.4 that this is the only possibility, that is, π must be the unique
stationary distribution of Π.

The requirement that Π be a fully connected Markov process may seem
unnecessarily strong. A natural, weaker requirement would be that the Markov
process on S is irreducible.11 The class of fully connected Markov processes is
dense in the class of irreducible processes. The small gain in generality does not
seem to warrant imposing a weaker, but more involved, version of Axiom 9.

It is instructive to consider other plausible representations of preferences
over IHCPs that are not a special case of the DPF representation. First, sup-
pose that � can be represented by a value function V with the same structure
as in Theorem 1, where S = {1�2} and π = ( 1

2 �
1
2), but, contrary to the theo-

rem, DM’s patience is state dependent, δ1 �= δ2, and Π = [ 1
0

0
1 ] is not positive.

The interpretation is that today DM is uncertain about tomorrow’s observable
state, but once he learns the state, he does not expect it to ever change again. In
that case, there is no recursive representation with state-independent patience,
δ, because δs must play the role of the (obviously unique) discount factor, con-
tingent on being in state s forever. The measures μ1 and μ2 are not identified
in this representation. It is easy to verify that the corresponding preferences
satisfy all our axioms except History Independence (Axiom 9).

Second, the agent’s taste shocks may be persistent or otherwise correlated,
even contingent on the state. For example, risk aversion might vary over time
with positive correlation. The resulting preferences would violate S-CSR (Ax-
iom 8). We provide foundations for such a representation in Krishna and Sad-
owski (2013). Third, the agent’s utility may depend on what he consumed
in the past, for example, due to habit forming preferences or a preference

11The Markov process on S with transition probabilities given by Π is irreducible if for each
s� s′ ∈ S, there exists t such that Πt(s� s′) > 0. An irreducible process has a unique stationary
distribution.



668 R. V. KRISHNA AND P. SADOWSKI

for intertemporal diversity as discussed after Separability (Axiom 5). Such
consumption-dependent utility is not separable over time and, hence, is ruled
out by Axiom 5.

4. SPECIAL CASES

We now consider important special cases of the DPF representation.

4.1. The DPF Representation With Constant Beliefs

In an environment without observable states, the domain of S-IHCPs re-
duces to the space of IHCPs, Z � K(P (M×Z)), and the DPF representation
reduces to the pair (μ�δ), which induces a continuous function V :Z→ R that
satisfies

V (x)=
ˆ

U

max
p∈x

[
u(pm)+ δV (pz)

]
dμ(u)

and represents � on Z. We refer to (μ�δ) as a representation of dynamic pref-
erence for flexibility with constant beliefs. Notice that the identification result in
Theorem 1 does not depend on any sort of “richness” assumption on (μs)s∈S ,
so that μ in the DPF representation with constant beliefs is identified up to
scaling.

4.2. Random Discount Factors

In the environment of Section 4.1, we call a DPF representation with con-
stant beliefs (μ�δ) of � on Z a random discount factor representation if there
is a utility function u ∈ U such that μ({λu :λ≥ 0})= 1. In that case, we can fix
u and label subjective states by λ, and following, say, Cochrane (2005), we can
interpret (δ

´
λdμ)/λ as a random discount factor.

COROLLARY 4: The binary relation � satisfies Axioms 1–9 and � |K(P (M×{f ∗}))
is strategically rational if and only if � has a random discount factor representa-
tion. This representation is unique up to a scaling of μ.

The proof is in Appendix E.
Strategic rationality here applies to consumption menus in K(P (M×{f ∗})),

where the continuation problem is fixed at f ∗. Intuitively, there is then no sub-
jective uncertainty about the per period consumption preferences, but only
about the intensity of those preferences. It follows immediately from the
uniqueness of μ up to scaling that the implied distribution over random dis-
count factors as defined above is unique and independent of the choice of u.
Higashi, Hyogo, and Takeoka (2009) also consider a representation where the
effective discount factor can be random. While our model nests the behavior
generated by their model, the parametrization of their model renders it outside
the class of models we consider here.
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4.3. The Recursive Anscombe–Aumann Representation

One may wonder what happens if the analyst can only observe nontrivial
preferences over L, the space of state contingent infinite horizon consumption
streams (S-IHCSs). This is a domain commonly used in applications. In our
framework, a consumption stream 
 ∈ L is just an S-IHCP where all menus
are degenerate.12 We thus refer to 
(s) as a lottery, and denote by 
m(s) and


(s) its marginals on M and L, respectively. Obviously, this smaller domain
provides no opportunity to elicit unobservable taste shocks, but it is possible
to consider a preference � on L that satisfies the restriction of our axioms
to L. We say � has a recursive, state dependent, Anscombe–Aumann representa-
tion (recursive Anscombe–Aumann representation for short), ((us)s∈S�Π�δ),
if V0(·) := ∑

s π(s)V (·� s) represents �, where V (·� s) is defined recursively as

V (
� s)=
∑
s′∈S
Π

(
s� s′

)[
us′

(

m

(
s′
)) + δV (




(
s′
)
� s′

)]
�

where us ∈ U for each s with us �= 0 for some s ∈ S, andΠ and δ are as defined
in the DPF representation.

COROLLARY 5: Let � be a binary relation on L. Then � is statewise nontrivial
on L, and satisfies Axioms 2, 3, and 5–9 restricted to L if and only if � has a
recursive Anscombe–Aumann representation ((us)s∈S�Π�δ). Moreover, this rep-
resentation is unique up to a common scaling of (us)s∈S .

The proof is in Appendix E.
Given Theorem 1, the intuition for the result is simple. If � on L is state-

wise nontrivial and satisfies the restriction of Axioms 2, 3, and 5–9 to L, then
there is a unique binary relation � that extends � to H, satisfies Axioms 1–9,
and also satisfies State Contingent Strategic Rationality (i.e., each �s is fully
strategically rational). But then � on H admits a unique DPF representa-
tion, ((μs)s∈S�Π�δ), and it follows immediately that this representation sat-
isfies μs({us}) = 1 for some us ∈ U for each s. Therefore, ((us)s∈S�Π�δ) is a
recursive Anscombe–Aumann representation of � that coincides with � |L.

Now suppose that ((us)s∈S�Π�δ) and ((u∗
s )s∈S�Π

∗� δ∗) are two recursive
Anscombe–Aumann representations of � such that (us) and (u∗

s ) differ by
more than a common scaling. Define state-dependent probability measures μs
and μ∗

s such that μs({us}) = 1 = μ∗
s ({u∗

s }). It is immediate that ((μs)s∈S�Π�δ)
and ((μ∗

s )s∈S�Π
∗� δ∗) are two DPF representations of � that differ by more

than a common scaling of (μs), contradicting the uniqueness statement in The-
orem 1. Hence, the uniqueness in the corollary follows.

12The space L is defined recursively as L� H(P (M ×L)). It is easy to see that L is a closed
and convex subset of H .
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The argument above illustrates the advantage, in general, of the domain H
over L: Eliciting preferences over L corresponds to finding unconditional ex-
pectations over consumption utilities, while eliciting preferences over H cor-
responds to finding (date t) conditional expectations.

Identification of subjective probabilities on the state space in the standard
(static) Anscombe and Aumann (1963) model requires two assumptions. First,
the ordinal ranking of lotteries must be independent of the state. This as-
sumption is referred to as the State Independence axiom. Second, the cardinal
representation of these rankings (the utility) is normalized so as to be state
independent. In contrast, the recursive Anscombe–Aumann representation of
Corollary 5 features instantaneous as well as continuation utilities that are state
dependent. Recursivity and a state-independent discount factor are sufficient
to imply that beliefs (which are generated by a subjective Markov process) and
state-dependent utilities are fully identified.

4.4. The Independent Shock Representation

We now discuss how the model in Hendel and Nevo (2006) maps into our
setting. They consider an agent who maintains an inventory of a particular
good. In each period, he must choose to purchase combinations of the good
in question (the inside good) and a bundle of other goods (the outside good)
from his budget set. He must further decide whether to replenish his inven-
tory, or to draw it down by consuming more or less of the inside good. The
price of the good, which follows a Markov process, naturally affects the feasi-
ble choices, which means that the consumer faces an S-IHCP, where the price
is the observable state of the world.

In each period, the agent also faces taste shocks that affect his utility from
consumption of the inside good. In Hendel and Nevo’s specification, these
shocks do not depend on the realized price. It is easy to see that their agent’s
preferences have a DPF representation, with the additional constraint that the
utility shocks are drawn from a state-independent distribution, that is, μs = μ
for all s ∈ S, where μu �= 0. We refer to this as an independent shock represen-
tation.

In what follows, let L0 denote the space of state-independent consumption
streams and let X := K(P (M ×L0)). Notice that L0 ⊂L⊂ H(X).

COROLLARY 6: The binary relation � satisfies Axioms 2–9, � |L0 is nontrivial,
and �s |X =�s′ |X for all s� s′ ∈ S if and only if � admits an independent shock
representation. Moreover, this representation is unique up to a scaling of μ.

The nontriviality of � |L0 implies
∑

s π(s)μsu �= 0, that is, the average ex-
pected utility is nontrivial. Requiring �s |X =�s′ |X implies that (i) the repre-
sentations of �s and �s′ are identical up to scaling, and (ii) that the value of the
continuation stream 
 ∈L0 is independent of the state. Combining (i) and (ii),
the two representations must be identical with μs = μs′ for all s� s′ ∈ S.
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Hendel and Nevo’s setting leads the agent to maintain an inventory, which
is to say, it gives him an unconditional preference for flexibility. There are
two channels for this preference: The feasible set changes with the stochastic
price and the consumer faces additional taste shocks. Our identification results
mean, for example, that Hendel–Nevo’s assumption that consumption shocks
are log-normally distributed has testable implications.

5. EMPIRICAL CONTENT

In this section, we discuss the empirical content of our model. Section 5.1
explains the lack of identification in the static model of DLR and provides
a direct intuition for the source of identification in the dynamic model. Sec-
tion 5.2 suggests a detailed algorithm to elicit the identified parameters from
choice data and Section 5.3 characterizes behavior in terms of the parameters.

5.1. Identification in Static versus Dynamic Models

DLR considered preferences over static consumption problems without ob-
servable states, that is, over K(P (M)) with typical element a. The relevant
version of DLR’s result is that if �∗

M on K(P (M)) is monotone, continuous,
and satisfies Independence, then there exists a probability measure μ∗ on U
such that the preference functional

U∗
M(a) :=

ˆ
U

max
α∈a

u(α)dμ∗(u)

represents �∗
M . In this case, we say that μ∗ represents �∗

M . Consider an example
where μ∗ is supported on {u1�u2} with μ∗(u1)= μ∗(u2)= 1

2 . Suppose also that
M represents different levels of monetary prizes and that u1 corresponds to
a state with high risk aversion, while u2 corresponds to a state with low risk
aversion. Clearly, it would be desirable to interpret μ∗, which represents �∗

M ,
as saying that the agent subjectively assesses both high and low risk aversion as
being equally likely. Such an interpretation is not possible in the static setting
because there are many measures that represent �∗

M . To see this, for i = 1�2,
let λi > 0 and λ1 + λ2 = 1, and define ũi := ui/2λi (so that ũi has the same risk
aversion as ui). Also, define the measure μ̃ on {ũ1� ũ2} as μ̃(ũi) := λi. It is easy
to see that for any a ∈ K(P (M)), we have

U∗
M(a)=

∑
u∈U

max
α∈a

u(α)μ∗(u)=
∑
ũ∈U

max
α∈a

ũ(α)μ̃(ũ)�

Since λ1 and λ2 are arbitrary, we see that there is a continuum of measures μ̃
that also represent the same preference �∗

M and for each selection of (λ1�λ2),
we have different subjective probabilities of either high or low risk aversion. In
contrast, in the dynamic setting without observable states as in Section 4.1, �
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defined overZ has the unique DPF representation with constant beliefs (μ�δ),
such that the induced preference, �M , over first period consumption problems,
K(P (M)), is then represented (in the DLR sense) by a unique μ. Therefore,
in our dynamic setting, we can interpret μ as a probability measure over, say,
different levels of risk aversion.

We now provide some intuition for unique identification of a DPF repre-
sentation. Let ((μs)s∈S�Π�δ) and ((μ′

s)s∈S�Π
′� δ′) be two DPF representations

of �. Unique identification means that (i) for each s ∈ S, μs and μ′
s are identi-

cal up to a scaling that is independent of s, (ii) the time preference parameters
are identical (i.e., δ= δ′), and (iii) the objective states evolve according to the
same subjective process, namely Π =Π′.

(a) Uniqueness ofμs up to scaling. First, notice that induced preferences over
menus in state s are represented by

´
U

maxp∈f (s)[u(pm) + δV (ph� s)]dμs(u).
This is an additive expected utility (EU) representation in the fashion of DLR,
with the special feature that continuation problems are evaluated independent
of u and, hence, provide a natural numeraire, albeit a numeraire that depends
on the state s ∈ S. As mentioned in the Introduction, the presence of a nu-
meraire allows the unique identification of the measure μs up to scaling, just as
state-independent utilities allow the identification of beliefs in the Anscombe–
Aumann model. Therefore, μs and μ′

s are identical up to scaling, but we have
yet to establish that this scaling is independent of s.

(b) Uniqueness of Π and δ. For simplicity, let us assume that � restricted
to the subdomain L of S-IHCSs is statewise nontrivial. To identify Π and
δ, we can then ignore state contingent preference for flexibility by observing
only choice over S-IHCSs in L (as defined in Section 4.3). By Corollary 5,
the DPF representations ((μs)s∈S�Π�δ) and ((μ′

s)s∈S�Π
′� δ′) become recur-

sive Anscombe–Aumann representations ((ūs)s∈S�Π�δ) and ((ū′
s)s∈S�Π

′� δ′),
respectively, where as before, ūs = μsu and ū′

s = μ′
su. Because V and V ′ both

represent �, it is easy to see that ūs and ū′
s must represent the same preference

for instantaneous consumption in state s, and so must be collinear. That is, for
each s, there exists λs ∈ R+ such that ū′

s = λsūs. Crucially, recursivity allows us
to express V (·� s)|L in terms of (ūs)s∈S .

Recall that p∗
m is the lottery such that u(p∗

m)= 0 for all u ∈ U. Fix a lottery
α �= p∗

m. Suppose that, contingent on being in state s today, DM is indifferent
between (i) receiving consumption lottery α today and p∗

m in all other periods,
and (ii) receiving β tomorrow in state s′, and p∗

m in all other states and peri-
ods.13 In that case ūs(α)= δΠ(s� s′)ūs′(β) and analogously for ((ū′

s)s∈S�Π
′� δ′).

It is a matter of linear algebra to verify that λs must be independent of s. For
completeness, this is formally established in Lemma 33 in Appendix F. It then
follows immediately that Π =Π′ and δ = δ′. (Our proof of Theorem 1 does
not rely on Lemma 33, but instead invokes the Perron Theorem.)

13In the DPF representation, all states are nonnull. There are only finitely many pairs of states
and, hence, for α sufficiently close to p∗

m, such β exists for all s� s′ ∈ S.
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(c) Uniqueness of (μs)s∈S up to common scaling. We observed above that
μs is identified up to the same scaling as V (·� s), which, therefore, provides a
numeraire in state s that does not depend on u. We have just seen that ūs = λū′

s

for some λ > 0, δ= δ′, and Π =Π′ for all s ∈ S. This, in turn, implies that on
the subdomain of consumption streams, V ′(·� s)= λV (·� s), and, hence, μs and
μ′
s are identified up to the same scaling λ > 0 for all s ∈ S.
Recursivity plays two important parts in the argument outlined above. First,

for each s, it provides continuation problems as a natural numeraire to imply
that each μs is unique up to a scaling (that may depend on s). Second, the re-
cursivity and the positivity of the transition matrix tie together all the different
numeraires, one for each s, to imply that the measures (μs)s∈S are unique up to
a common scaling and that Π and δ are unique. We emphasize that this argu-
ment depends crucially on the time horizon being infinite. The uniqueness of
the identification does not hold in any finite horizon setting for essentially the
same reasons that identification fails in the static setting. Roughly put, because
we do not have identification in the last period, the choice of representation in
the last period is arbitrary, and each such choice then results in a different rep-
resentation of preference at time 0. The infinite horizon obviates the possibility
of such arbitrary choices.

5.2. Elicitation

Given the identification result in Theorem 1, one may wonder how the pa-
rameters in the representation, ((μs)�Π�δ), could be elicited experimentally
if the experimenter knows (or assumes) that DM satisfies all our axioms and,
hence, has a unique DPF representation. As all the parameters have a continu-
ous range, eliciting any parameter exactly from binary choice data requires an
infinite amount of data. This is a common problem that experimenters address
either by directly eliciting indifference points or by approximating indifference
points iteratively.14 We now discuss how to elicit the parameters of the model
via indifference points.

Given the true DPF representation, ((μs)�Π�δ), the average vN-M utility in
state s is ūs := μsu. Directly eliciting each utility index ūs up to scaling (where,
as before, we ignore additive constants) is a standard exercise on which we
do not elaborate here. Theorem 1 implies that elicitation of the parameters
is possible even in knife-edge cases where some, or even all, of the ūs’s are
trivial (as long as at least one μs is nontrivial), but we assume here for ease of
exposition that every ūs is nontrivial. In this case, there is a unique normalized
utility function rs ∈ {r ∈ U :

∑
i r

2
i = 1} such that ūs = ‖ūs‖rs for each s, where

we are not yet cognizant of the scaling ‖ūs‖.

14As Mas-Colell (1978) notes (in the context of standard consumer preferences), it is possible
to precisely pin down the consumer’s preferences with ever-increasing data. (Of course, the data
have to increase in a “regular” way.) A similar result can be proved in our setting.
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(a) To simultaneously elicit ‖ūs‖ (so that ūs = ‖ūs‖rs is then known), the
transition probabilities Π(s� s′), and the discount factor δ, we can consider the
same indifferences as in step (b) of the identification argument in Section 5.1:
Fix a lottery α �= p∗

m. Given s and s′, find a lottery β such that, contingent on
being in state s today, DM is indifferent between (i) receiving consumption
lottery α today and p∗

m in all other periods, and (ii) receiving β tomorrow in
state s′ and p∗

m in all other states and periods. As before, this indifference
implies ūs(α)= δΠ(s� s′)ūs′(β) and, hence,

Π
(
s� s′

) = 1
δ

ūs(pm)

ūs′(p′
m)

= 1
δ

‖ūs‖
‖ūs′‖ψs�s′�

where ψs�s′ = rs(pm)/rs′(p′
m) is known. SinceΠ(s� ·)must be a probability mea-

sure for all s, we must have
∑

s′ ψs�s′/‖ūs′ ‖ = δ/‖ūs‖. Let Ψ be the S× S matrix
Ψ := [ψs�s′ ]. We then need to solve the problem of finding the left eigenvector
ξ ∈ ΔS−1 of Ψ and the corresponding eigenvalue δ so that ξΨ = δξ.15 Upon
solving this linear programming problem, set ‖ūs‖ := 1/ξs and Π(s� s′) :=
ūs(pm)/δūs′(p

′
m) for each s� s′ ∈ S.

(b) Eliciting the measure μs on U up to scaling is a little more complicated,
as we first have to elicit its support up to scaling. To do so, fix s ∈ S and let
vs :P (M)→ R be defined as vs(pm) := ∑

s′ Π(s� s
′)ūs′(pm). Let Bε be the ε-

ball around p∗
m. For any ξ > 0 that is sufficiently small, it is easy to determine a

lottery α(ξ) ∈ P (M) such that δvs(α(ξ)) = ξ. Then x := {(pm�α(ξ)) : (pm ∈
Bε) ∧ (√ε2 + ξ2 = κ)} with κ small enough features a different maximizer,
q∗(u) := arg maxx(u+δvs), for every possible taste u+δvs with u ∈ U.16 Given
the menu x, we ask DM to identify the minimal menu x′ (in the sense of set
inclusion) such that x′ ⊂ x and x′ ∼s x. There is then an obvious bijection that
maps the elements of x′ to the support of μs in U, and the mapping is unique
up to scaling.

To simplify our argument, let us assume x′, and thus the support of μs, is
finite. If, contingent on state s, DM is indifferent between (i) receiving extra
continuation utility ζ when choosing q∗(u) and (ii) receiving extra continu-
ation utility ζ ′ when choosing q∗(u′), then ζμs(u) = ζ ′μs(u′),17 and thus we
determine the relative weight μs(u)/μs(u′). Fixing u, this can be done for all
u′ �= u, so that the probability measure μs is known up to scaling.

15Theorem 1 says that there is a unique ξ ∈ ΔS−1 that solves this problem, that this ξ� 0, and
that the eigenvalue corresponding to ξ is δ ∈ (0�1).

16To see this, let (ε�ξ)∗(u) := arg max{(ε�ξ):
√
ε2+ξ2=κ} ‖u‖ε + ξ. There is an obvious bijection

between (ε�ξ)∗ and ‖u‖. Furthermore, for u�u′ ∈ U with ‖u‖ = ‖u′‖ and u �= u′, there is a unique
maximizer for any vN-M ranking of consumption prizes, where the maximal consumption value
in Bε is ‖u‖ε for all u ∈ U.

17Formally, using the notation from the previous footnote, x ∪ (q∗
m(u)�α(ξ

∗(u) + ζ)) ∼ x ∪
(q∗

m(u
′)�α(ξ∗(u′)+ ζ ′)), where ζ and ζ ′ must be small enough not to upset the bijection between

the maximizers and the support of μs .
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5.3. Behavioral Comparison

Intuitively, one decision maker has more preference for flexibility than an-
other if he has a stronger preference for menus over singletons in every state.
In a manner analogous to the characterization of risk aversion where lotter-
ies are compared to certain amounts of money, characterizing preference for
flexibility requires a comparison between S-IHCPs and S-IHCSs in L. This
comparison is meaningful only if preferences restricted to L are nontrivial.

AXIOM 10—Consumption Nontriviality: There exist 
� 
′ ∈L such that 
� 
′.

If � has a DPF representation ((μs)s∈S�Π�δ), then by Corollary 5 the
restriction of � to L is the recursive Anscombe–Aumann representation
((μsu)s∈S�Π�δ). It follows that if � has a DPF representation, then it satisfies
Axiom 10 if and only if μsu �= 0 for some s ∈ S (where 0 ∈ U).18 The recursivity
of the representation along with the fact that Π is fully connected implies that
if some μsu �= 0, then for all s′ ∈ S, V (·� s′) restricted to consumption streams
is nontrivial.

DEFINITION 7: �∗ has a greater preference for flexibility than � if f � 
 implies
f �∗ 
 for all 
 ∈L and f ∈H.19

The comparison in the definition implies that � and �∗ have the same rank-
ing over S-IHCSs, that is, 
 � 
′ if and only if 
 �∗ 
′. (This is Lemma 34 in
Appendix F and also assumes Independence.) We require the following defini-
tion to compare beliefs.

DEFINITION 8: Let Q be a Markov kernel20 from U to itself. Then Q is a
dilation if it is expectation preserving, that is, if

´
U
u′Q(u�du′) = u for each

u ∈ U. For probability measures μ and μ∗ on U, μ∗ is a dilation of μ if there
exists a dilation Q such that μ∗ =Qμ, that is, μ∗(du′) := ´

Q(u�du′)μ(du).

If μ∗ is a dilation of μ, then μ∗u= μu, because a dilation preserves expec-
tations. To facilitate a comparison of two sets of measures, we shall say that

18The “if” part of the claim is easy to see. To see the “only if” part, let μs have mean
μsu = 0 for all s ∈ S, and consider W ∈ C(H × S) such that W (
� s) = 0 for all 
 ∈ L
and W (f� s) ≥ 0 for all f ∈H . Then, with Φ :C(H × S) → C(H × S) given by ΦW (f� s) :=∑

s′∈S Π(s� s
′)[´

U
maxp∈x[u(pm)+ δW (ph� s)]dμs(u)], we have ΦW (f� s)≥ 0 for all f ∈H , with

equality on L. Therefore, the unique fixed point of Φ, namely the value function V representing
�, must also have this property.

19The definition generalizes the definition of more averse to commitment in Higashi, Hyogo,
and Takeoka (2009) to apply to the domain of S-IHCPs. Their Theorem 4.2 is implied by our
Theorem 2.

20Let B be the Borel subsets of U, so that (U�B) is a measurable space. Then Q :U × B →
[0�1] is a Markov kernel from (U�B) to itself if (i) for each u ∈ U,Q(u� ·) is a probability measure
on (U�B), and (ii) for each D ∈ B , Q(·�D) is a measurable function defined on U.



676 R. V. KRISHNA AND P. SADOWSKI

a DPF representation ((μs)s∈S�Π�δ) is canonical if ‖μsu‖2 = 1 for the small-
est s ∈ S = {1� � � � � n} such that μsu �= 0. Obviously, � admits a canonical DPF
representation if and only if � satisfies Axioms 1–10.

THEOREM 2: Let � and �∗ have canonical DPF representations ((μs)s∈S�Π�
δ) and ((μ∗

s )s∈S�Π
∗� δ∗), respectively. Then �∗ has a greater preference for flexi-

bility than � if and only if Π =Π∗, δ = δ∗, and μ∗
s is a dilation of μs for each

s ∈ S.

The proof is in Appendix F.
Intuitively, DM* with preference �∗ has a greater preference for flexibility

than DM with preference � precisely because he expects more uncertainty to
resolve before making a choice, which increases the option value of waiting to
make a choice from the menu. Some asset pricing implications of Theorem 2
are explored in Krishna and Sadowski (2012).

The behavioral comparison in terms of beliefs provided by Theorem 2 is pos-
sible only because the beliefs (μs) are identified up to scaling, andΠ and δ are
identified uniquely in our dynamic setting. In contrast, the notion of “greater
preference for flexibility” proposed in DLR for the static context cannot rely
on beliefs because those are not identified in their model. Hence, instead of
characterizing whether one DM has a stronger preference for flexibility than
another, DLR characterized whether one DM has any preference for flexibil-
ity whenever the other does. Neither ranking is complete. While ours can only
compare preferences that agree on the ranking of singletons, the ranking in
DLR can only compare preferences with representations for which the sup-
port of the measure is ordered by set inclusion.

We now compare DM’s strength of preference for flexibility across states.

PROPOSITION 9: Suppose � has a DPF representation and satisfies Axiom 10.
Then, for s� s′ ∈ S, �s exhibits a greater preference for flexibility than �s′ if and
only if μs is a dilation of μs′ and Π(s� ·)=Π(s′� ·).

Proposition 9 describes how DM trades off flexibility across states. For ex-
ample, if μs is a dilation of μs′ and Π(s� ·)=Π(s′� ·), and if π(s)≥ π(s′), then
flexibility is more valuable to DM in state s than in state s′. If all states are
comparable in the sense of greater preference for flexibility, then Π(s� ·) is
independent of s and objective states evolve according to a process that is i.i.d.

6. CONCLUSION

We provide foundations for a uniquely identified recursive representations
of preference for flexibility by relaxing the standard assumption of strategic ra-
tionality to accommodate unobservable taste shocks. If taste shocks are tran-
sient, strategic rationality with respect to continuation problems should be sat-
isfied unconditionally (CSR). If there are transient and persistent taste shocks,
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but only transient shocks are unobservable, then strategic rationality with re-
spect to continuation problems should hold contingent on the objective state
of the world (S-CSR).

What if persistent taste shocks are also unobservable? Then CSR should be
satisfied only contingent on some history of past tastes and, in the simplest case,
contingent on the current consumption taste. While this taste is by assumption
unobservable, CSR would also have to hold contingent on current consump-
tion choice from a large enough menu. In Krishna and Sadowski (2013), we
pose an axiom called Choice Contingent CSR that captures this idea, and derive
a representation that can accommodate unobserved persistent taste shocks by
allowing consumption utilities themselves to follow a particular and uniquely
identified Markov process. The proof builds on the proof for the DPF repre-
sentation, where the collection of possible consumption rankings plays the role
of the state space.

While we suggest the three versions of CSR above—namely CSR along with
State Contingent and Choice Contingent CSR—as a natural starting point
when trying to understand how strategic rationality is violated, these could
obviously be relaxed further. For example, CSR might only be satisfied con-
tingent on finite histories of consumption choices and states. Modelling the
corresponding evolution of beliefs as a Markov process would require a larger
subjective state space, as well as an assumption that ensures that preference
for flexibility is sufficiently persistent. Beyond that, our proofs of identification
only require that the implied Markov process over preferences have a unique
stationary distribution. Given the persistence of preference for flexibility, such
uniqueness is ensured by Stationarity (via an application of the Perron theo-
rem).

Consequently, we view our work as illustrative of how to achieve a fully iden-
tified recursive representation of choice when the assumption of strategic ra-
tionality is further weakened.

APPENDICES

In what follows, we also consider the space of menus of consumption lotter-
ies, K(P (M)), with typical members being a, b, and c. By the recursive nature
of H, continuation problems are members of H. Let A, B, and C denote typi-
cal elements of the collection of menus of continuation lotteries, K(P (H)).
To ease notational burden, we often write K for K(P (M × H)), KM for
K(P (M)), and KH for K(P (H)).

APPENDIX A: ABSTRACT REPRESENTATIONS

We first construct a general representation in the spirit of DLRS where the
prize space is infinite. We then study the effect of assuming strategic rationality.
We begin by defining and collecting some facts about support functions.
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Let Y be a compact metric space. Let P (Y) be the space of probabil-
ity measures on Y , endowed with the topology of weak convergence, which
makes P (Y) compact and metrizable, and let C(Y) denote the Banach space
of uniformly continuous functions on Y . In what follows, for u ∈ C(Y) and
p ∈ P (Y), we frequently denote

´
udp by u(p). Fix p∗ ∈ P (Y) and let

X := {u ∈ C(Y) :u(p∗)= 0}.
Define UY := {u ∈ X :‖u‖∞ = 1} and for any weak* closed, convex G ⊂

P (Y), let σG :UY → R given by σG(u) := maxp∈G u(p) be its support function.
The extended support function of such a set G is the unique extension of the
support function σG to X by positive homogeneity. A function defined onX is
sublinear, norm continuous, and positively homogeneous if and only if it is the
extended support function of some weak* closed, convex subset of P (Y) (The-
orem 5.102 and Corollary 6.27 of Aliprantis and Border (1999)). We, therefore,
call a function σ :UY → R a support function if its unique extension to X by
positive homogeneity is sublinear and norm continuous.

Support functions have the following duality: For any weak* compact, con-
vex subset G of aff(P (Y)), GσG =G, where GσG := {p ∈ aff(P (Y)) :u(p) ≤
σG(u) for all u ∈ UY }. Support functions also have the following useful prop-
erties21 for weak* compact, convex subsets G, G′ of P (Y): (i) G ⊂ G′ if
and only if σG ≤ σG′ , (ii) σtG+(1−t)G′ = tσG + (1 − t)σG′ for all t ∈ (0�1),
(iii) σG∩G′ = σG ∧ σG′ , and (iv) and σconv(G∪G′) = σG ∨ σG′ . (Since G and G′

are convex, it follows from Lemma 5.14 of Aliprantis and Border (1999) that
conv(G∪G′) is also compact.) Notice also that σ{p∗} = 0.

A.1. Constructing a General Representation

Let Y be a compact metric space of prizes, so P (Y) is a compact metric
space. Let K(P (Y)) denote the space of compact subsets of P (Y), and let
C(P (Y)) denote the space of closed, convex subsets of P (Y), both endowed
with the Hausdorff metric. Then C(P (Y)) is a closed subspace of K(P (Y)).
We consider a preference � over K(P (Y)). For notational ease, we write
K and C for K(P (Y)) and C(P (Y)), respectively. Typical elements of K
are denoted by G, G′, and so forth. As always, αG + (1 − α)G′ ∈ K is the
Minkowski sum.

The space of all vN-M utility functions is simply C(Y), the Banach space
of uniformly continuous functions on Y . In general, in a state-dependent ad-
ditive EU representation, the vN-M utility functions need only be identified
up to positive affine transformation. Fix p∗ ∈ P (Y) as above and, analogous
to DLRS, let the subjective state space be given by UY := {u ∈ C(Y) :u(p∗)=
0 and ‖u‖∞ = 1}, the space of all vN-M utility functions that (i) take the value
0 at p∗, (ii) are nontrivial on P (Y), and (iii) lie on the boundary of the unit
ball of C(Y).

21See, for instance, page 226 of Aliprantis and Border (1999).
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Let � be a preference on K . The axioms to be imposed on � are the same
as those imposed on �s, modulo the change in domain. Therefore, for expo-
sitional ease, we will simply refer to the corresponding axioms for �s in the
text.

We refer to the state space UY as the canonical state space. Let AUY
be the

Borel algebra of sets in UY , and μ a normal22 charge on (UY �AUY
). A pair (UY �

μ) is a finitely additive EU representation of � if V (x)= ´
UY

maxp∈x u(p)dμ(u)
represents �. We say that a finitely additive EU representation (UY �μ) is
jointly identified if, given the state space UY , the charge μ is unique.23

THEOREM 3: A preference, �, satisfies Nontriviality, Continuous Order, Mono-
tonicity, and Independence if, and only if, it admits a finitely additive EU repre-
sentation.

Note the key differences between Theorem 3 and the additive EU represen-
tation theorem of DLR. They establish that given the canonical subjective state
space, the measure is unique and countably additive, while the theorem above
establishes neither. To see why, note first that our subjective state space is not
compact. Therefore, the Riesz Representation Theorem only guarantees that
the measure is finitely additive. (Notice that this would remain the case even if
one were able to establish uniqueness of the representation.) Second, we are
unable to show that the finitely additive EU representation obtained is jointly
identified. This is because when the subjective state space is finite dimensional,
the span of the space of all support functions is dense in the space of all con-
tinuous bounded functions on the subjective state space. We are unable to es-
tablish this result in our infinite dimensional setting. Before the formal details
are presented, we provide some intuition for the proof.

The proof of the representation naturally extends ideas in DLRS to the infi-
nite dimensional setting. The first step is to show that each menu can be identi-
fied (isometrically) with its support function and that support functions live in
the space of twice normalized, nontrivial vN-M functions on the prize space Y .
(This is exactly as in DLRS.) This allows us to define the subjective state space
as a space of all twice normalized, continuous, nonconstant, nontrivial func-
tions on Y . Instead of looking at the space of menus, we can look at the space
of support functions, a subset of all continuous bounded functions on the sub-
jective state space.

The second step of the proof shows that any linear functional on the space
of menus induces a continuous linear functional on the corresponding space of
support functions. Moreover, since the preference � is monotone, this linear

22A charge is outer regular if every set in AUY
can be approximated from without by open sets,

is inner regular if it can be approximated from within by closed sets, and is normal if it is both
outer and inner regular; see also Definition 10.2 in Aliprantis and Border (1999).

23This is the sense in which the representation in DLR is identified.
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functional is Lipschitz, and can, therefore, be extended to the space of all con-
tinuous bounded functions on the subjective state space. (This step uses the
Hahn–Banach Theorem.) The final step uses the Riesz Representation Theo-
rem to show that any linear functional on the space of all continuous bounded
functions can be written as an integral with respect to a normal finitely additive
measure.

PROOF OF THEOREM 3: By the continuity of �, and since � satisfies Inde-
pendence (Axiom 4), an adaptation of Lemmas 1 and 2 from DLR implies that
G∼ conv(G) for each G ∈ K . (In particular, we have conv(tG+ (1 − t)G′)=
t conv(G)+ (1 − t) conv(G′).) Following DLR, it suffices to restrict attention
to C, the space of all weak* compact, convex subsets of P (Y). Here, P (Y) is
endowed with a metric that induces the weak* topology and C is endowed with
the Hausdorff metric. Let K0 := {σ ∈ Cb(UY ) :σ = σG for some G ∈ C} denote
the affine embedding of C in Cb(UY ), where Cb(UY ) is the space of bounded
and continuous functions on UY , endowed with the supremum norm, and recall
that by construction, 0 ∈K0.

Define the induced preference �∗ on K0, so that G � G′ if and only if
σG �∗ σG′ . It is easily seen that �∗ is complete and transitive, and satisfies
Continuity, Independence, and Monotonicity,24 since � has these proper-
ties. By the Mixture Space Theorem (see, for instance, Fishburn (1970) or
Kreps (1988)), there exists a function ϕ :K0 → R that represents �∗, is lin-
ear in the sense that for all σ1�σ2 ∈K0 and α ∈ [0�1], ϕ(ασ1 + (1 − α)σ2) =
αϕ(σ1)+ (1 − α)ϕ(σ2), and is positive so that σ1 ≥ σ2 implies ϕ(σ1)≥ ϕ(σ2).

Let K1 := ⋃
r≥0 rK0 be the cone generated by K0. It can be shown, following

the arguments in Lemma S10 of the supplement to DLRS, that (i) K1 −K1 is a
vector subspace of Cb(UY ), and (ii) for anyω ∈K1 −K1, there exist σ1�σ2 ∈K0

and r > 0 such thatω= r(σ1 −σ2). Extend ϕ toK1 −K1 by linearity and letΦ0

denote this extension. This is achieved by setting Φ0(ω) := r[ϕ(σ1)− ϕ(σ2)],
where for a given ω ∈K1 −K1, σ1�σ2 ∈K0 and r > 0 are such that ω= r(σ1 −
σ2). The arguments in Lemma S11 of the supplement to DLRS allow us to
establish that Φ0 is positive, that is, ω1 ≥ω2 implies Φ0(ω1)≥Φ0(ω2).

As in DLRS, we claim that Φ0 on K1 − K1 is Lipschitz. To see this, notice
that for any ω ∈K1 −K1, we have ω≤ ‖ω‖∞1 (indeed, |ω| ≤ ‖ω‖∞1, where 1
is the constant function that maps to 1), so that Φ0(ω) ≤ ‖ω‖∞Φ0(1), that is,
Φ0 is Lipschitz with constant Φ0(1).

Since Φ0 is Lipschitz on a vector subspace K1 − K1, the Hahn–Banach
Theorem allows us to extend it to Cb(UY ), with the extension being denoted
by Φ. The Riesz representation theorem (Theorem 13.9, Aliprantis and Bor-
der (1999)) allows us to represent the linear functional Φ on Cb(UY ) as an

24Recall that G⊃G′ if and only if σG ≥ σG′ . Monotonicity of � requires that if G⊃G′, then
G�G′, which implies that we must have σG �∗ σG′ . Thus, �∗ satisfies Monotonicity in the sense
that for σ1�σ2 ∈K0, σ1 ≥ σ2 implies σ1 �∗ σ2.
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integral with respect to a normal charge μ on AUY
, the algebra generated by

the open sets of UY , as desired. Q.E.D.

A.2. Strategic Rationality

Let � be a preference on K .

DEFINITION 10: A preference � is strategically rational if G � G′ implies
G∼G∪G′.

In this section, we show that if � has a finitely additive EU representation
(UY �μ), it is strategically rational if and only if μ is carried by a singleton. We
begin with a lemma.

LEMMA 11: For any U0 ⊂ UY , the following statements are equivalent.
(a) |U0| = 1.
(b) For all p�q ∈ P (Y) and for all u1�u2 ∈ U0, u1(p) ≥ u1(q) if and only if

u2(p)≥ u2(q).

PROOF: It is clear that (a) implies (b). To see that (b) implies (a), suppose
contrary to (a) we have u1�u2 ∈ U0, u1 �= u2. By the definition of UY , there exists
p∗ ∈ P (Y) such that u(p∗)= 0 for all u ∈ UY . Moreover, ‖u‖∞ = 1 for all u ∈
UY . Therefore, u1 is not a positive affine transformation of u2.

At the same time, (b) implies via the expected utility theorem that u1 is an
affine transformation of u2, which is a contradiction. Q.E.D.

DEFINITION 12: The carrier of the charge μ is the set Uμ := ⋂{N :N is
closed�μ(Nc)= 0}.

The carrier of the charge always exists and is clearly well defined. If the
charge is also a measure, then the carrier is referred to as the support of the
measure. Moreover, given the definition of μ, we have Uμ ⊂ UY . For any p�q ∈
P (Y), define Up�q := {u ∈ UY :u(p) > u(q)} and U◦

p�q := {u ∈ UY :u(p)= u(q)}.
Notice that Up�q is always open and U◦

p�q is always closed, since p is a continuous
(linear) functional on UY , which is a closed set.

LEMMA 13: If � on K is strategically rational, then min{μ(Up�q)�μ(Uq�p)} = 0
for all p�q ∈ P (Y).

PROOF: Suppose to the contrary there exist p�q with min{μ(Up�q)�
μ(Uq�p)} = μ(Up�q) > 0. It is clear that {p�q} � {p}� {q}, which violates strate-
gic rationality. Q.E.D.

LEMMA 14: If for all p�q ∈ P (Y), min{μ(Up�q)�μ(Uq�p)} = 0, then |Uμ| = 1.
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PROOF: If for all p�q ∈ P (Y), min{μ(Up�q)�μ(Uq�p)} = 0, then either
(i) Uμ ⊂ Up�q ∪ U◦

p�q or (ii) Uμ ⊂ Uq�p ∪ U◦
p�q, but not both (by the definition

of Uμ, and since Up�q and Uq�p are open).
In other words, for all p�q ∈ P (Y) and for all u1�u2 ∈ UY , u1(p) ≥ u1(q)

if and only if u2(p) ≥ u2(q). Lemma 11 now implies that |Uμ| = 1, as re-
quired. Q.E.D.

We may now put all this together, as follows.

PROPOSITION 15: Let � be a preference on K(P (Y)) that has a finitely addi-
tive representation (UY �μ). Then the following statements are equivalent:

(a) � is strategically rational.
(b) The carrier of the charge μ is a singleton, that is, |Uμ| = 1.

PROOF: It is easy to see that (b) implies (a). Lemmas 13 and 14 show that
(a) implies (b). Q.E.D.

APPENDIX B: THE DOMAIN OF SIHCPS

We now sketch the construction of state contingent infinite horizon con-
sumption problems (S-IHCPs) introduced in Section 3.1. As in the text, M
is a finite set of consumption prizes in any period and S is a finite set of states.

Let H1 := H(K(P (M))) denote the set of acts that give a closed sub-
set of P (M) in each state s ∈ S. It is a compact metric space when en-
dowed with the (product) Hausdorff metric. For each t > 1, inductively define
Ht := H(K(P (M ×Ht−1))), which is also a compact metric space. Thus, each
ft ∈Ht is an act that gives a closed set of probability measures over M ×Ht−1

in each state s ∈ S. This allows us to define the space H∗ :=×∞
t=1Ht , which is

also a compact metric space.
Thus, an element inH∗ is a collection (ft), where ft ∈Ht for each t ≥ 1. Each

ft contains information about some of the fτ ∈Hτ for all τ < t, since each pt ∈
ft(s) is a probability measure overM×Ht−1, each pt−1 ∈ ft−1(s) is a probability
measure over M ×Ht−2, and so on. A sequence (ft) is consistent if, roughly
speaking, the information in ft about ft−2 is in accord with the information in
ft−1 about ft−2.25 The space of all consistent sequences, denoted by H ⊂H∗, is
the space of S-IHCPs. A simple adaptation of Theorem A1 of GP shows that
there is a homeomorphism between H and H(K(P (M ×H))). In fact, it can
be shown that this homeomorphism is an affine or linear homeomorphism, so
that we can define a linear preference on H (i.e., a preference that satisfies
Independence) and study the naturally induced preference on H(K(P (M ×
H))).

25See GP for a precise definition of consistency. It is easy to construct examples of sequences
in H∗ that are not consistent.
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APPENDIX C: A SEPARABLE REPRESENTATION

In the process of obtaining our representations, we will frequently find it
useful to obtain an intermediate representation on one state space, and then
transform the representation so it is defined on another state space. The fol-
lowing lemma is an abstract version of this idea. In what follows, we consider
the prize space M × Y . If Y is compact, M × Y is also compact. This allows
us to define the canonical state space UM×Y and with a typical state given by
u ∈ UM×Y .

LEMMA 16—Change of State Space: Let (UM×Y �μ) be a finitely additive EU
representation of �. A sufficient condition for (U′

M×Y �μ
′) to be another finitely

additive EU representation of � is that there exist functions Ψ :UM×Y → U′
M×Y

and (ζ�ξ) :UM×Y → R++ × R such that Ψ is a measurable bijection and (ζ�ξ)
are integrable, and that satisfy the following statements:

(a) For all u′ in the image of Ψ , u′(p) = ζ(u)(Ψu)(p) + ξ(u) for all p ∈
P (M ×Y).

(b) The bijection Ψ is measure preserving, that is, for all measurable D′ ⊂
U′
M×Y , μ′(D′)= μ(Ψ−1D′), and for all measurable D⊂ UM×Y , μ(D)= μ′(ΨD).

If the finitely additive EU representation (UM×Y �μ) is jointly identified (as in Ap-
pendix A.1), then the condition is also necessary.

The proof of the sufficiency part of the lemma merely amounts to a change
of variable and is an instance of the nonuniqueness encountered in DLR. The
necessary part of the lemma is also not difficult, and a statement and proof
(albeit, in a slightly different setting) can be found in Schenone (2010).

Separability (Axiom 5) says that if p�q ∈ P (M × Y) are such that their
marginals are identical (i.e., pm = qm and py = qy), then {p�q} ∼ {p}. This
gives us the following lemma.

LEMMA 17: Let (UM×Y �μ) be a finitely additive representation and satisfy Sep-
arability (Axiom 5). For p and q that induce the same marginals (i.e., pm = qm
and py = qy), μ{u ∈ UM×Y :u(p) > u(q)} = 0.

PROOF: If the lemma were not true, we would have V ({p�q}) > V ({q}),
which contradicts Separability (Axiom 5). Q.E.D.

DEFINITION 18: Let (UM×Y �μ) be a finitely additive EU representation. The
representation is finitely additive, separable if for each u in the carrier of μ,
there exist u(u) ∈ U and v(u) ∈ C(Y) such that u(p) := u(pm;u) + v(py;u)
for each p ∈ P (M × Y), and if the mapping u �→ (u� v) is measurable. For
ease of notation, we suppress the dependence of u and v on u.
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LEMMA 19: A finitely additive EU representation satisfies Separability if and
only if it is also a finitely additive separable representation as in

V (G)=
ˆ

UM×Y
max
p∈G

[
u(pm)+ v(py)

]
dμ(u)�(C.1)

PROOF: The “if” part is clear. We now prove the “only if” part. Fix m̃ ∈
M and ỹ ∈ Y . Since 1

2(m�y)+ 1
2(m̃� ỹ) and 1

2(m� ỹ) + 1
2(m̃� y) have the same

marginals, Lemma 17 implies that u( 1
2(m�y)+ 1

2(m̃� ỹ))= u( 1
2(m� ỹ)+ 1

2(m̃� y))
for all u in the carrier of μ. Since each u is linear in probabilities, u((m�y))=
u((m� ỹ))+ u((m̃� y))− u((m̃� ỹ)) must be satisfied for each individual state u

in the carrier of μ.26 Following GP, we define u(m) := u((m� ỹ)) and v(y) :=
u((m̃� y))− u((m̃� ỹ)) to find u((m� ỹ))= u(m)+ v(y). This allows us to write
V (G) = ´

UM×Y maxp∈G[u(pm) + v(py)]dμ(u)� which is the desired separable
representation. Q.E.D.

C.1. Reduction of the State Space

Recall that U := {u ∈ R
M :

∑
i ui = 0} is the collection of all vN-M utility

functions onM modulo additive constants. Notice that UM = {r ∈ U :‖r‖2 = 1}.
Since UM ⊂ U, we must have

∑
i ri = 0, so that r(p∗

m)= 0 for all r ∈ UM . We now
use Lemma 16 to show that for any finitely additive separable representation,
the state space can be viewed as (a subset of) UM × [0�1] × UY , with a typical
vN-M utility function of the form γr(pm)+ (1 − γ)w(py).

PROPOSITION 20: A preference � over the compact subsets of P (M ×Y) with
a finitely additive representation (UM×Y �μ) satisfies Separability (Axiom 5) if and
only if there is a change of state space as in Lemma 16 that allows us to write a
finitely additive representation of � of the form

ˆ
UM×[0�1]×UY

max
p∈G

[
γr(pm)+ (1 − γ)v(py)

]
dμ′(r�γ� v)�

where μ′ is a normal charge on UM × [0�1] × UY .

PROOF: The “if” part is immediate, so we only prove the “only if” part of
the proposition. Let (UM×Y �μ) be a finitely additive representation. (Recall
that Theorem 3 guarantees the existence of a finitely additive representation,
though we have not ruled out the possibility that there could be many such rep-
resentations.) By Lemma 19, every such representation must have the property

26In comparison, the weaker separability axiom in GP would only imply this condition for the
preference functional V that aggregates over all states.
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that for every u in the carrier of μ, u(p) = u(pm)+ v(py), where u ∈ U and
v ∈ C(Y) are vN-M functions and the mapping u �→ (u�v) is measurable.

Every separable utility function u(pm) + v(py) is of the form αr(pm) +
βw(py), where r ∈ UM , w ∈ UY , and (α�β) ∈ R

2
+ \ (0�0). LetX := (UM ×R+)×

(UY ×R+) and consider UM×Y ∩X . A finitely additive separable representation
is one where μ(UM×Y ∩X)= 1.

An even smaller state space is UM × [0�1] × UY , wherein the utility in state
(r�γ� v) is γr(pm)+ (1 − γ)w(py).

Define Ψ :UM×Y ∩X → UM × [0�1] × UY as Ψ : ((r�α)� (w�β)) �→ (r�α/(α+
β)�w). It is clear that Ψ is continuous and, hence, measurable. Moreover, Ψ is
also a bijection. To see this, suppose there are α, α′, β, and β′ such that α/(α+
β) = α′/(α′ + β′). This implies α′ = ρα and β′ = ρβ for some ρ > 0, which is
impossible since, as mentioned above, UM×Y ∩X only contains functions that
are unique up to scaling.

By Lemma 16, we may define the charge μ′(D) := μ(Ψ−1D) on UM ×[0�1]×
UY and restrict attention to a separable representation on this state space. No-
tice that since Ψ is continuous, the charge μ′ is normal (i.e., both inner and
outer regular). Q.E.D.

C.2. Additively Separable Representation

We now show that in the presence of some additional assumptions, the
normal probability charge μ′ in Proposition 20 can be replaced by a regu-
lar probability measure, leading to an additive, separable EU representation.
Recall that μ′ is a regular probability measure if it is (i) regular (i.e., outer
regular and tight) and (ii) a probability measure, that is, is countably addi-
tive, has μ′(UM × [0�1] × UY ) = 1, and is defined on the Borel σ-algebra of
UM × [0�1] × UY .

DEFINITION 21: Let (UM × [0�1] × UY �μ
′) be a finitely additive separable

EU representation. The representation is Y -simple if the marginal charge of μ′

on UY—given by
´

UM×[0�1]×D dμ(r�γ�w) for any D ∈ AUY
—has a finite carrier.

It is Y -trivial if the carrier of the marginal on UY is a singleton.

LEMMA 22: Every finitely additive, separable representation that is Y -simple
can be extended uniquely to an additive, separable, Y -simple representation

V (G)=
ˆ

UM×[0�1]×{w1�����wI }
max
p∈G

[
γr(pm)+ (1 − γ)w(py)

]
dμ(r�γ�w)�(C.2)

PROOF: As μ′ is Y -simple, there must exist an I ∈ N with I > 0 such
that the carrier of μ′ is a closed subset of UM × [0�1] × {w1� � � � �wI}, where
{w1� � � � �wI} ⊂ UY . Since UM × [0�1] × {w1� � � � �wI} is compact, it follows im-
mediately that the carrier of μ′ is also compact.
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The charge μ′ is normal (see footnote 22), so for any Borel (algebra) mea-
surable A⊂ UM × [0�1] × {w1� � � � �wI}, the inner regularity of μ′ implies that
μ′(A)= sup{μ(C) :C ⊂A and closed}. Since UM×[0�1]×{w1� � � � �wI} is com-
pact, it follows that any closed C ⊂A is also compact. Therefore, the charge μ′

is “tight” relative to a compact class of sets, namely the collection of all com-
pact subsets of UM × [0�1] × {w1� � � � �wI}. By Theorem 9.12 of Aliprantis and
Border (1999), μ′ is also countably additive (on the algebra of open sets).

By the Carathéodory Extension Procedure Theorem, μ′ can be uniquely ex-
tended from the algebra of open sets to the Borel σ-algebra of UM × [0�1] ×
{w1� � � � �wI}. (The Carathéodory Theorem is Theorem 9.22 of Aliprantis and
Border (1999). The extension of the measure is unique since μ′ is a finite mea-
sure.) The unique extension of μ′ is written as μ.

Finally, Theorem 10.7 of Aliprantis and Border (1999) says that a measure
on a Polish space is regular, and because UM ×[0�1]×{w1� � � � �wI} is a compact
subset of Euclidean space, it follows that μ is regular. Q.E.D.

C.3. Identification of the Representation

Recall that in the original, abstract EU representation theorem (Theo-
rem 3), we are unable to establish that μ is a regular measure or that the repre-
sentation is jointly identified. We have identified additional assumptions under
which it is possible to show that μ is a regular measure. We now show that
under those same assumptions, the representation can be jointly identified.

PROPOSITION 23: Suppose a continuous preference � has an additive, sepa-
rable, Y -simple representation as in equation (C.2). Then the representation is
jointly identified, that is, the measure μ is unique on the state space UM × [0�1] ×
{w1� � � � �wI} (where I > 0 is a natural number).

PROOF: Let � have a utility representation V as in (C.2) and let μ0 = μ.
Suppose there is another regular measure μ1 (that need not be a probability
measure) on UM × [0�1] × {wI+1� � � � �wI+J} (where J > 0) such that

V (G)

=
ˆ

UM×[0�1]×{wI+1�����wI+J }
max
p∈G

[
γr(pm)+ (1 − γ)w(py)

]
dμ1(r�γ�w)�

It is without loss of generality to consider μ0 and μ1 as measures on UM ×
[0�1] × {w1� � � � �wI+J}. We show that μ1 = μ0.

Let Y0 ⊂ Y be a finite set such that for each i� j ∈ 1� � � � � I, where i �= j, there
exists yij ∈ Y0 such that wi(yij) �= wj(yij). The requirement is easily satisfied,
since wi is a continuous, nonconstant function on Y and i �= j implies wi �=wj ,
which in turn implies that the two functions must disagree somewhere.
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Now consider the set B :=M × Y0 and the domain K(P (B)). Then each
measure μj , j = 0�1, induces the preference functional Wj on K(P (B)) as

Wj(G)

=
ˆ

UM×[0�1]×{w1�����wI+J }
max
p∈G

[
γr(pm)+ (1 − γ)w(py)

]
dμj(r�γ�w)�

Define, as in DLR, UB := {r ∈ R
B :

∑
b∈B rb = 0�

∑
b∈B r

2
b = 1}. In that case,

UM × [0�1] × {w1� � � � �wI+J} is isomorphic to a subset of UB. Indeed, for any
vN-M utility function on M × Y0 of the form αr(qm)+ (1 − α)w(qy), the two
normalizations that map the function into UB are continuous.

Thus, μ0 and μ1 are transformed into measures on UB in the obvious
way and have supports on sets (in UB) that are isomorphic to UM × [0�1] ×
{w1� � � � �wI+J}. From the definition of the functionalsW0 andW1, we know that
for each menu G ∈ K(P (B)), we have W0(G)=W1(G). The uniqueness part
of the additive EU representation theorem in DLR now says that the two trans-
formed measures agree on UB and, hence, μ0 = μ1, as desired. Q.E.D.

It will be useful to denote Y -trivial, additive, separable EU representations
of � by the collection (U� v�μ) where v :Y → R is a vN-M function and μ is a
probability measure on (the Borel σ-algebra of) U. It induces the preference
functional

V (G)=
ˆ

U

max
p∈G

[
u(pm)+ v(py)

]
dμ(u)(C.3)

that represents the preference � over menus. The transformation from the
state space with (r�α) ∈ UM × [0�1] to the state space with u ∈ U is achieved
by setting u := α

(1−α) r and by applying the appropriate transformation to the
measure, as in Lemma 16.

APPENDIX D: PROOFS FOR SECTION 3

D.1. Proof of Proposition 2

Let W ∈C(H × S) and consider the function ΦW (f� s), given by

ΦW (f� s) :=
∑
s′∈S
Π

(
s� s′

)[ˆ
U

max
p∈f (s′)

[
u(pm)+ δW (

ph� s
′)]dμs′(u)

]

for all s ∈ S. It is easy to see thatΦ is monotone, that is,W ≤W ′ impliesΦW ≤
ΦW ′, and satisfies discounting, that is, Φ(W + ρ) ≤ΦW + δρ when ρ ≥ 0. If
we assume that ΦW ∈ C(H × S) for all W ∈ C(H × S), it follows that Φ is
a contraction mapping (with modulus δ) and has a unique fixed point, which
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establishes the proposition. All that remains is to show that Φ is an operator
on C(H × S).

Before completing the proof, we establish a useful inequality,
´

U
‖u‖2 dμs <

∞ for each μs. To see that the inequality holds, let us define W :KM → R

as W (a) := ´
U

maxα∈a u(α)dμ(u) for a ∈ KM . Recall that p∗
m is the uniform

lottery over M . Let a := {α ∈ P (M) :‖α−p∗
m‖2 ≤ ε for some ε > 0} so that

a ∈ KM . Then, for each u ∈ U, maxα∈a u(α) = ε‖u‖2. Therefore, 0 ≤W (a) =
ε
´

U
‖u‖2 dμ(u). But W (P (M))=W (M)≤ ∑

m μ|um|<∞ because μ is nice,
which implies that 0 ≤W (a) <∞.

We now show that if (fn) ∈H∞ is a sequence that converges to f ∈H, then
Φ(W )(fn� s

′)→Φ(W )(f� s′) whenever W ∈ C(H × S), which establishes that
ΦW ∈ C(H× S). (Since S is finite, any convergent sequence in S must eventu-
ally be constant, which we take to be s′.)

For each x ∈ K , u ∈ U, W ∈ C(H × S), and s ∈ S, define ϕ(x�u� s) =
maxp∈x[u(pm)+δW (ph� s)]. Then |ϕ(x�u� s)|≤ maxp∈x |u(pm)+ δW (ph� s)| ≤
‖u‖2 maxp∈x | u(pm)‖u‖2

|+maxp∈x δ|W (ph� s)| ≤ ‖u‖2K1 +K2�s whereK2�s > 0,K1 :=
maxx∈K maxp∈x | u(pm)‖u‖2

|, and the bounds follow from the definition of u ∈ U, the
compactness of H, and the continuity of W .

As W is continuous, the function u(pm)+ δW (ph� s) ∈ C(M ×H) is a con-
tinuous, linear functional on P (M ×H) when the latter is endowed with the
topology of weak convergence (which is metrizable). Therefore, by the Maxi-
mum Theorem, for each u ∈ U and s ∈ S, ϕ(x�u� s) is continuous in x.

Consider the sequence (fn) that converges to f . By the bounds established
above, |ϕ(fn(s)�u� s)| ≤ ‖u‖2K1 +K2�s and ‖u‖2K1 +K2�s is μs-integrable since
μs is nice (by the inequality established above). Moreover,

lim
n→∞

ΦW
(
fn� s

′) = lim
n→∞

∑
s

Π
(
s′� s

)[ˆ
U

ϕ
(
fn(s)�u� s

)
dμs(u)

]

=
∑
s

Π
(
s′� s

)[ˆ
U

lim
n→∞

ϕ
(
fn(s)�u� s

)
dμs(u)

]

=
∑
s

Π
(
s′� s

)[ˆ
U

ϕ
(
f (s)�u� s

)
dμs(u)

]

=ΦW
(
f� s′

)
�

As f and (fn) are arbitrary, we conclude that ΦW ∈ C(H × S) whenever
W ∈ C(H×S). The equalities above rely on the Dominated Convergence The-
orem to interchange the order of limits and integration, and the continuity of
ϕ(·�u� s) for each u and s to establish the pointwise limit. This completes the
proof.
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D.2. Proof of Theorem 1

That the representation satisfies all the axioms is straightforward. Consider a
preference � that satisfies Axioms 1–9. By Theorem 3, � has a finitely additive,
EU representation. Separability (Axiom 5) implies, according to Lemma 19
and Proposition 20, that any such finitely additive EU representation also has
a representation based on a regular countably additive measure.

In Section D.2.1, we use S-CSR (Axiom 8) to establish in Proposition 24 that
for each s ∈ S, the preference �s has an H-trivial, separable, additive repre-
sentation as in (C.3). This amounts to showing that the relevant state space
is isomorphic to U. In Section D.2.2, Proposition 25 establishes that the pa-
rameter of the representation of �s, namely the measure μs on U, is uniquely
identified up to a scaling. In Section D.2.3, we invoke the remainder of the ax-
ioms and show in Proposition 28 that � has a recursive representation, possibly
with state-dependent discount factors. In Section D.2.4, we show that there ex-
ists an equivalent representation of � with a state-independent discount factor
δ ∈ (0�1). We also show that the collection of measures (μs) in this represen-
tation is unique up to a common scaling and that the Markov chain on S with
transition probabilities Π has a unique stationary distribution π (Propositions
30, 31, and 32). This proves the theorem.

D.2.1. Separable Representation

It is easy to see that �s is continuous, and satisfies Independence, Mono-
tonicity, and Separability, so that by Proposition 20, �s has a finitely additive
separable representation.

PROPOSITION 24: Suppose �s has a finitely additive separable representation.
If �s also satisfies State Contingent CSR (Axiom 8), then the representation is
H-trivial.

PROOF: As in Proposition 20, we know that a separable, finitely additive
separable representation has the form

Us(x)=
ˆ

UM×[0�1]×UH

max
p∈x

[
γr(pm)+ (1 − γ)v(ph)

]
dμs(r�γ� v)�

For an arbitrary consumption prize m ∈M , let (m�A) be a rectangular menu,
defined as (m�A) := {(m�pz) :pz ∈ A�A ∈ KH}. Define a utility function
Ws :KH → R as Ws(A)=Us(m�A). It follows from the separability of the rep-
resentation that the choice of m ∈ M only affects Ws up to a constant. Let
dμ∗

s (v) = ˜
UM×[0�1] dμs(r�γ� v) be the marginal of μ on UH . Then, Ws(A) =´

UH
maxph∈A v(ph)dμ∗

s (v)+ constant.
By Proposition 15 above, CSR (Axiom 8) implies that Ws(A) =

maxph∈A vs(ph), where vs ∈ C(H) is given by vs(f ) = Ws({f }). But this im-
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plies that maxph∈A vs(ph) = ´
maxph∈A v(ph)dμ∗(v). Therefore, the carrier of

μ∗ must be a singleton. Q.E.D.

It follows from Lemma 22 that μs can be extended in a unique way to an
additive measure on U. Abusing notation, this transformed measure is also
denoted by μs. Thus, as mentioned at the end of Section C.3, �s has a separa-
ble, additive, H-trivial EU representation (μs� vs) that can be written as

Us(x)=
ˆ

U

max
p∈x

[
u(pm)+ vs(ph)

]
dμs(u)�(D.1)

We end with the observation that μs is nice. To see this, note that there exists
p∗
h ∈ P (H) such that vs(p∗

h)= 0. Now consider the menu (m�p∗
h). It is easy to

see that Us((m�p
∗
h)) = μsu(m) := ´

U
u(m)dμs(u). But Us((m�p

∗
h)) is finite,

which implies that μsu(m) is finite for every m ∈M , which proves that μs is
nice.

D.2.2. Identification

Section D.2.1 shows that the state space that is relevant for an additive, sep-
arable, H-trivial representation is U. Our goal in this section is to show that
the measure μs on U and the utility function vs are unique up to a common
scaling. We say that vs is nondegenerate if vs �= 0.

PROPOSITION 25: Consider two separable, H-trivial, additive EU representa-
tions (μs� vs) and (μ′

s� v
′
s) of �s, wherein both vs and v′

s are nondegenerate. There
exists ζ > 0 such that the following properties hold:

(a) μs(ζD)= μ′
s(D) for all measurable D⊂ U,

(b) v′
s = ζvs + constant.

PROOF: By Lemma 16, our result on the change of state space, we know
that there exists a measurable bijection Ψ :U → U, and integrable functions
(ζ�ξ) :U �→ (R++�R) such that for each u′ in the support of μ′

s, we have
u′(pm)+ v′

s(ph)= ζ(u)[(Ψu)(pm)+ vs(ph)] + ξ(u).
Consider two lotteries p and q such that pm = qm but where vs(ph) �= vs(qh).

Then
[
u′(pm)+ v′

s(ph)
] − [

u′(qm)+ v′
s(qh)

] = v′
s(ph)− v′

s(qh)

= ζ(u)
[
vs(ph)− vs(qh)

]
�

But this implies ζ(u)= v′s(ph)−v′s(qh)
vs(ph)−vs(qh) for all u and, hence, ζ(u) is constant, which

proves (b).
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Let U ′
s be the functional induced by (v′

s�μ
′
s). Then

U ′
s(x)=

ˆ
U

max
p∈x

[
u′(pm)+ v′

s(ph)
]

dμ′
s

(
u′)

=
ˆ

U

max
p∈x

ζ
[
(Ψu)(pm)+ vs(ph)

]
dμ̃′

s(u)+
ˆ
ξμ′

s

= ζ

ˆ
U

max
p∈x

[
ũ(pm)+ vs(ph)

]
dμ′′

s (ũ)+ constant�

where μ̃′
s and μ′′

s each obtain from a change of state space. Proposition 23
says that μ′′

s = μs, which implies that Ψ is the identity mapping. Thus, it must
be that μ′

s(D)= μs(ζD) for all measurable D⊂ U. These observations prove
part (a). Q.E.D.

D.2.3. Recursive Representation

The preference � on H is continuous and satisfies Independence (Ax-
iom 3). Therefore, there exists an additively separable representation with
state-dependent utilities as specified in (D.1), namely

W0(f )=
∑
s

π(s)

[ˆ
U

max
p∈f (s)

[
u(pm)+ vs(ph)

]
dμs(u)

]
�(D.2)

where π is the period 0 beliefs about the states in S. In the representation
above, each vs :H → R is continuous. Let �∗

s be the preference relation on H
induced by vs and recall that H is convex.

PROPOSITION 26: Suppose � has a representation as in (D.2) and satisfies Sin-
gleton Indifference to Timing (Axiom 7). Then each �∗

s satisfies Independence.

PROOF: Let f�g ∈H be such that vs(f ) > vs(g), which impliesUs({p∗
m� f }) >

Us({p∗
m�g}). Let f ′ ∈ H and fix λ ∈ (0�1]. By the linearity of Us, we have

Us(λ{p∗
m� f } + (1 − λ){p∗

m� f
′}) > Us(λ{p∗

m�g} + (1 − λ){p∗
m� f

′}). But �s

satisfies Singleton Indifference to Timing (Axiom 7), which implies that
Us(λ{p∗

m� f }+(1−λ){p∗
m� f

′})=Us({p∗
m�λf +(1−λ)f ′}), so thatUs({p∗

m�λf +
(1 −λ)f ′}) > Us({p∗

m�λg+ (1 −λ)f ′}), which in turn implies that vs(λf + (1 −
λ)f ′) > vs(λg+ (1 − λ)f ′). We have just established that �∗

s satisfies Indepen-
dence (Axiom 3). Q.E.D.

PROPOSITION 27: Suppose � has a representation as in (D.2). If � satisfies
Statewise Nontriviality (Axiom 1), History Independence (Axiom 9), and Aggre-
gate Stationarity (Axiom 6), then each �∗

s also satisfies Monotonicity and State-
wise Nontriviality (Axiom 1).
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PROOF: By Proposition 26, �∗
s satisfies Independence (Axiom 3) and, hence,

vs is linear. It follows that there exist utility functions ws�s′ :K → R for all s′ ∈ S
such that vs(f ) = ∑

s′ ws�s′(f (s
′)). Notice that by History Independence (Ax-

iom 9), we may assume that ws�s′ = πs(s′)ws′ for all s� s′ ∈ S, where πs(s′) > 0.
Notice that f xs � f ys if and only if Us(x) ≥ Us(y). By Aggregate Station-

arity (Axiom 6), this is equivalent to requiring that {(m�f xs )} � {(m�f ys )},
which holds if and only if

∑′
s π(s

′)vs′(f xs ) ≥ ∑′
s π(s

′)vs′(f ys ). By the observa-
tions above, this is equivalent to

∑
s′ π(s

′)πs′(s)ws(x) ≥ ∑
s′ π(s

′)πs′(s)ws(y).
LetW ′

s (x) := ∑
s′ π(s

′)πs′(s)ws(x). ThenW ′
s is linear on K andW ′

s (x)≥W ′
s (y)

if and only if Us(x)≥Us(y).
Thus, �∗

s satisfies Monotonicity (Axiom 4) if and only if ws(x ∪ y) ≥ ws(x)
for all x� y ∈ K . But ws is monotone with respect to set inclusion if and only if
Us is, which proves that f x∪ys′ �∗

s f
x
s′ because x∪ y �s x.

Finally, notice that W ′
s̃ = ∑

s π(s)πs(s̃)ws̃. But W ′
s̃ is nontrivial because �s̃ is

nontrivial. Therefore, it must be that ws̃ is nontrivial, from which it follows that
�∗
s̃ satisfies Statewise Nontriviality (Axiom 1). Q.E.D.

We now establish the existence of a recursive representation.

PROPOSITION 28: Let � have a representation as in (D.2), and suppose �
satisfies Statewise Nontriviality (Axiom 1), History Independence (Axiom 9), and
Singleton Indifference to Timing (Axiom 7). Then there is a value function

V
(
f� s′

) =
∑
s

Π
(
s′� s

)[ˆ
U

max
p∈f (s)

[
u(pm)+ δsV (ph� s)

]
dμs(u)

]
�(D.3)

whereΠ governs transition probabilities for a Markov process on S andΠ(s′� s) >
0 for all s′� s ∈ S, such that

V0(f )=
∑
s

π(s)

[ˆ
U

max
p∈f (s)

[
u(pm)+ δsV (ph� s)

]
dμs(u)

]
(D.4)

represents �.

PROOF: Fix s′ ∈ S and consider the act f xs′ . Then

W0

(
f xs′

) = π(
s′
)ˆ

U

max
p∈x

[
u(pm)+ vs′(ph)

]
dμs′(u)+ (·)�

As noted above, vs(·) induces a preference �∗
s on H such that (i) �∗

s is con-
tinuous, (ii) �∗

s satisfies Independence (Proposition 26), and (iii) �∗
s satisfies

Monotonicity (Proposition 27). Then, by the Mixture Space Theorem and by
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Theorem 3, vs has a (state separable) finitely additive representation, which
can be written as

vs
(
f xs′

) = δsπs
(
s′
)ˆ

UM×H
max
p∈x

u(p)dμ̃ss′(u)

+ δs
∑
t �=s′
πs(t)

ˆ
UM×H

max
p∈f (t)

u(p)dμ̃st (u)�

where δs is a scaling factor chosen so that (i) πs ∈ P (S) is strictly positive
and (ii) μ̃st is a probability charge for all t ∈ S. Such a choice can be made
as follows: If μ̃st (UM×H) > 1, define π ′

s(t) := μ̃st (UM×H), so that we can take μ̃st
to be a probability measure. Because π ′

s(t) > 0 for all t ∈ S, it follows that
we may let δs = ∑

t π
′
s(t), so that the scaling factor π ′

s(t) can be replaced by
πs(t) := π ′

s(t)/δs.
Singleton Indifference to Timing (Axiom 7) implies that

π(s′)
ˆ

U

max
p∈x

[
u(pm)+ vs′(ph)

]
dμs′(u) and

δsπs(s
′)
ˆ

UM×H
max
p∈x

u(p)dμ̃ss′(u)

are (positive) affine transformations of each other. By Statewise Nontriviality
(Axiom 1) every state is nonnull under π, and by History Independence (Ax-
iom 9), every state is also nonnull under πs, that is, πs(s′) > 0 (this was estab-
lished in Proposition 27). Hence the measures {π�πs : s ∈ S} have full support.

Recall that μs′ defined on U is the marginal of a measure on U × UH ,
where the marginal on UH has a singleton carrier. The transformations of
the state space used to obtain a separable representation are an instance of
those considered in Lemma 16, so that we may regard μs′ as a measure on
UM×H .

Since both μ̃ss′ and μs′ are probability charges, we must have μ̃ss′ = μs′ for all
s ∈ S. Therefore, each vs can be written as

vs(f )= δs
∑
s′
πs

(
s′
)ˆ

U

max
p∈f (s′)

[
u(pm)+ vs′(ph)

]
dμs′(u)�

Define the Markov transition probabilities on S to be Π(s� s′) := πs(s′) and let
V (f� s) := vs(f )/δs so that

V (f� s)=
∑
s′
Π

(
s� s′

)ˆ
U

max
p∈f (s′)

[
u(pm)+ δs′V

(
ph� s

′)]dμs′(u)�
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Finally, define

V0(f ) :=W0(f )=
∑
s

π(s)

ˆ
U

max
p∈f (s)

[
u(pm)+ δsV (ph�πs)

]
dμs(u)

to attain the desired recursive representation. Q.E.D.

It follows from the recursive representation and the fact that � satisfies
Statewise Nontriviality (Axiom 1) that at least one μs must be nontrivial. To
see this, suppose every μs is trivial, that is, μs({0}) for all s ∈ S. Then the recur-
sive representation implies every V (·� s) must be identically 0, which violates
Statewise Nontriviality (Axiom 1).

D.2.4. Unique Representation With a State-Independent Discount Factor

Proposition 28 establishes the existence of a recursive value function as in
(D.3), which can be described by the parameters ((μs�πs� δs)s∈S). We now show
that there exists a unique equivalent representation with a state-independent
discount factor. Let ξ ∈ R

S
++ and let 〈π�ξ〉 := ∑

s π(s)ξ(s) for any π ∈ P (S).

PROPOSITION 29: Let ((μs�πs� δs)s∈S) and ((μ̂s� π̂s� δ̂s)s∈S) be two recursive
representations of � as in (D.3). Then there exists ξ ∈ R

S
++ such that the pa-

rameters are related by the transformations π̂(s) := π(s)ξ(s)/〈π�ξ〉, π̂s(s′) :=
πs(s

′)ξ(s′)/〈πs�ξ〉, μ̂(D) := μ(D/ξ(s)), δ̂s := δs〈πs�ξ〉/ξ(s), and V̂ (·� π̂s) :=
V (·�πs)/〈πs�ξ〉. Moreover, if ((μs�πs� δs)s∈S) is a representation of �, then the
transformed set of parameters ((μ̂s� π̂s� δ̂s)s∈S) also represents �.

PROOF: The last part of the proposition is immediate. By our identification
result, Proposition 25, there exists ξ ∈ R

S
++ such that (i) μ̂s(D) = μs(D/ξ(s))

for all s ∈ S and for all Borel measurable D ⊂ U, and (ii) δ̂sV̂ (·� s) :=
δsV (·� s)/ξ(s). By construction, V̂ (·� s) = V (·� s)/〈πs�ξ〉 and, hence, we must
have δ̂s := δs〈πs�ξ〉/ξ(s). Finally, the identification from the Mixture Space
Theorem implies that π̂s(s′) := πs(s′)ξ(s′)/〈πs�ξ〉. Q.E.D.

PROPOSITION 30: There exists ξ ∈ R
S
++ such that δ̂s is independent of s ∈ S.

Moreover, ξ is unique up to scaling, so that δ̂ is unique, and the corresponding
measures (μ̂s)s∈S are unique up to scaling.

PROOF: A representation with a constant discount factor will obtain imme-
diately if we can establish that there exists a vector ξ� 0 and a number δ̂ > 0
such that δ̂ξ(s)= δs〈πs�ξ〉 for all s ∈ S.
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For S = {1� � � � � n}, consider the stochastic matrix Π, whose row s is πs. De-
fine the n × n diagonal matrix Δ as Δ(i� j) = δi if j = i and 0 otherwise. In
matrix notation, our problem amounts to finding a ξ� 0 and δ̂ > 0 such that
δ̂ξ = ξΔΠ. This amounts to showing that (i) ξ is a (left) eigenvector of the
matrix ΔΠ and (ii) δ̂ is the corresponding eigenvalue.

We say that a matrix is positive if each of its entries is strictly positive. By
Proposition 28 above, the matrix Π is positive, so the matrix ΔΠ is also posi-
tive. Thus, by the Perron theorem below, such ξ and δ̂ exist, ξ is unique up to
scaling, and δ̂ is unique.

By Proposition 29, these are the only transformations that we need consider,
which establishes that the measures (μ̂s)s∈S are unique up to a common scal-
ing. Q.E.D.

The Perron Theorem is standard and can be found, for instance, as Theo-
rem 1 in Chapter 16 of Lax (2007). For completeness, we state the relevant
part of the theorem.

THEOREM 4—Perron: Every positive matrix A has a dominant eigenvalue de-
noted by δ̂, which has the following properties:

(a) δ̂ > 0 and the associated eigenvector ξ� 0.
(b) δ̂ is a simple eigenvalue and, hence, it has algebraic and geometric multi-

plicity 1.
(c) A has no other eigenvector with nonnegative entries.

Thus, we have established the existence of a recursive value function

V
(
f� s′

) =
∑
s

Π
(
s′� s

)[ˆ
U

max
p∈f (s)

[
u(pm)+ δV (ph� s)

]
dμs(u)

]
(D.5)

such that

V0(f )=
∑
s

π(s)

[ˆ
U

max
p∈f (s)

[
u(pm)+ δV (ph� s)

]
dμs(u)

]
(D.6)

represents �.

PROPOSITION 31: Let � have a recursive representation as in (D.6). If � satis-
fies Aggregate Stationarity (Axiom 6), then π is the unique stationary distribution
of the Markov process with transition matrix Π.
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PROOF: Recall that V0({(m�f )}) = ∑
s π(s)[

´
u(m) + δV (f� s)]dμs(u).

Then, letting κ := ∑
s π(s)μsu(m), we see that

V0

({
(m�f )

}) − κ

= δ
∑
s

π(s)

[∑
s′
Π

(
s� s′

)[ˆ
U

max
p∈f (s′)

[
u(pm)+ δV (

ph� s
′)]dμs′(u)

]]

= δ
∑
s′

[∑
s

π(s)Π
(
s� s′

)][ˆ
U

max
p∈fxs

[
u(pm)+ δV (

ph� s
′)]dμs′(u)

]
�

By Aggregate Stationarity (Axiom 6), V0({(m� ·)}) and V0(·) represent the same
preference. From Propositions 26 and 28, we see that each V (·� s) is linear
onH. Therefore, V0({(m� ·)}) is linear overH. By the Mixture Space Theorem,
V0({(m� ·)}) and V0(·)must be affine transformations of each other. Therefore,
π(s′)= ∑

s π(s)Π(s� s
′) for all s′ ∈ S. In other words, π is a stationary distribu-

tion of Π. Since Π is positive, the stationary distribution is unique. Q.E.D.

PROPOSITION 32: If � has a recursive representation of the form in (D.6), then
δ ∈ (0�1).

PROOF: It follows immediately from the nontriviality of � and from Aggre-
gate Stationarity (Axiom 6) that δ > 0. We now show that δ < 1.

As π is the unique stationary distribution of Π, we have for any f ∈ H,
V0(f ) = ∑

s π(s)V (f� s). Now let a ∈ KM be the closed ε-ball around the
p∗
m, the uniform lottery over M . It is clear that 0 <

´
U

maxp∈a u(pm)dμs(u).
But we also have

´
U

maxp∈a u(pm)dμs(u) ≤ ´
U

maxp∈P (M) u(pm)dμs(u) =´
U

maxm∈M u(m)dμs(u) ≤ ∑
m∈M |μsu(m)| < ∞, where the last inequality

holds because μs is nice. By the recursive construction of H, it follows that
there exists a unique act f ∗ that gives the menu a in each period and in every
state, that is, f ∗ � (a� f ∗). Letting η := ∑

s π(s)[
´

U
maxpm∈a u(pm)dμs(u)], we

see that V0(f
∗)= η+ δV0(f

∗)= η
∑

τ≥0 δ
τ. Since η > 0 and because V0(f

∗) is
finite, we conclude that δ < 1, as required. Q.E.D.

APPENDIX E: PROOFS FOR SECTION 4

PROOF OF COROLLARY 4: Suppose first that � has a DPF representa-
tion ((μs)s∈S�Π�δ) and that each �s |K(P (M×{f ∗})) is strategically rational. By
Proposition 15, strategic rationality implies that the support of each μs lies in
{λus :λ≥ 0} for some us ∈ U.

For the converse, suppose the support of μs lies in {λus :λ ≥ 0} for some
us ∈ U. It is easy to see that for any a ∈ K(P (M)),

´
R+ maxα∈a λus(α)dμ(λ)=
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maxα∈a μsu(α). Clearly, the functional a �→ maxα∈a μsu(α) represents
�s |K(P (M×{f ∗})), from which it follows that the latter is strategically rational.

Q.E.D.

PROOF OF COROLLARY 5: We define a sequence of extensions. Let H0 :=
H(K(P (M × L))) and inductively define Hn := H(K(P (M ×Hn−1))). It is
easy to see that Hn−1 ⊂Hn and Hn ↑H.

For each x ∈ K(P (M × L)), let ϕ0(x) := {p :p � q ∀q′ ∈ x}. Similarly, for
each f ∈H0, let ψ0(f )(s) := q, where q ∈ ϕ0(f (s)), and notice that ψ0(f ) ∈L.
Now define �0 on H0 as f �0 g if and only if ψ0(f )�ψ0(g).

Now suppose �n−1 has been defined on Hn−1. For each x ∈ K(P (M ×
Hn−1)), let ϕn−1(x) := {p :p �n−1 q ∀q′ ∈ x}. Similarly, for each f ∈ Hn−1, let
ψn−1(f )(s) := q, where q ∈ ϕn−1(f (s)), and notice that ψn−1(f ) ∈ Hn−1. Now
define �n on Hn as f �n g if and only if ψn−1(f )�n−1 ψn−1(g).

Let �= limn→∞ �n. Notice that this limit is unique because the extension
at each stage is unique, and because each preference is continuous and H is
compact. Notice also that � is a well defined preference relation on H and
by construction satisfies Axioms 1–9, and each �s is strategically rational. This
implies that � has a DPF representation ((μs)s∈S�Π�δ), where, by the strategic
rationality of �s, each μs is a Dirac measure.

Now suppose, contrary to the hypothesis, that there exist two recursive
Anscombe–Aumann representations of � on L, namely ((us)�Π�δ) and
((u∗

s )�Π
∗� δ∗). Let μs be the Dirac measure on U concentrated on us and

let μ∗
s be the Dirac measure concentrated on u∗

s for each s. Then ((μs)�Π�δ)
and ((μ∗

s )�Π
∗� δ∗) are two DPF representations that are identical on L.

It is easy to see that both ((us)�Π�δ) and ((u∗
s )�Π

∗� δ∗) represent each �n

on Hn for all n≥ 0. Therefore, both represent � on H. But by the uniqueness
of the DPF representation, this impliesΠ =Π∗, δ= δ∗, and (μs)s∈S and (μ∗

s )s∈S
are identical up to a common scaling. This establishes the uniqueness of the
recursive Anscombe–Aumann representation, as required. Q.E.D.

PROOF OF COROLLARY 6: Let us suppose that μs is independent of s. Then,
clearly, V (
� s) is independent of s for all 
 ∈ L0. But this implies that for all
x ∈ X ,

´
maxp∈x[u(pm) + V (p
� s)]dμs(u) is independent of s. This implies

that �s |X is independent of s, as claimed.
For the converse, let us assume that �s |X is independent of s. Then, for

any s� s′ ∈ S, it is the case that for all m ∈M and 
� 
′ ∈ L0, (m�
) �s (m�

′)

if and only if (m�
) �s′ (m�

′). This implies V (
� s) ≥ V (
′� s) if and only if

V (
� s′)≥ V (
′� s′). Therefore, we must have Vs = λs�s′Vs′ for some λs�s′ > 0. Let

 ∈ L0 deliver lottery p in the first period and p∗

m in every subsequent period.
Then V (
� s)= ∑

s π(s)ūs(p)= V (
� s′)= λs�s′V (
� s), which implies λs�s′ = 1.
Therefore, Vs is independent of s on L0.

As �s |X is independent of s, we have Us|L0 ∝ Us′ |L0 . But we have just es-
tablished that Vs|L0 is independent of s, which implies that Us|L0 is also inde-



698 R. V. KRISHNA AND P. SADOWSKI

pendent of s. Therefore, μs must be independent of s, which completes the
proof. Q.E.D.

APPENDIX F: PROOFS FOR SECTION 5

Lemma 33 is not part of the proof of a result in the text, but it is referred to
in Section 5.1.

LEMMA 33: Let ((us)s∈S�Π�δ) and ((u′
s)s∈S�Π

′� δ′) be DPF representations of
�, and suppose ū′

s = λsūs. Then λs = λs′ for all s� s′ ∈ S.

PROOF: Let us suppose λs is not independent of s. Let s∗� s∗ ∈ S be such that
λs∗ ≤ λs ≤ λs∗ for all s ∈ S with λs∗ < λs∗ . Given that DM is in state s∗ today, let
α and β be lotteries over M such that DM is indifferent between (i) receiving
α today and p∗

m for sure in all future periods, and (ii) receiving β in state s to-
morrow and p∗

m in all other states and periods. Since p∗
m yields zero consump-

tion utility and since the representations are separable and recursive, we have
ūs∗(α) = δΠ(s∗� s)ūs(β), and ū′

s∗(α) = δ′Π′(s∗� s)ū′
s(β) (where we have used

the fact that Π(s� s′) > 0 for all s� s′ ∈ S and similarly for Π′). With ū′
s = λsūs

and λs∗ ≥ λs for all s, we obtain δΠ(s∗� s) ≤ δ′Π′(s∗� s). As this holds for all
s ∈ S, and becauseΠ(s∗� ·) andΠ ′(s∗� ·) are probability measures, we note that
δ= δ∑

s Π(s
∗� s) < δ′ ∑

s Π
′(s∗� s∗)= δ′, where the inequality is strict because

δΠ(s∗� s∗) < δ′Π′(s∗� s∗).
Similarly, for DM in state s∗ with λs∗ ≤ λs for all s, we find that δ > δ′. There-

fore, it must be that λs is independent of s ∈ S, such that ū′
s = λūs for all s ∈ S

and for some λ ∈ R+.
This implies that for all s� s′ ∈ S, δΠ(s� s′) = δ′Π′(s� s′). Because Π(s� ·)

and Π′(s� ·) are probability measures, it follows that δ= δ′ and that Π(s� ·)=
Π′(s� ·) for all s ∈ S, establishing the uniqueness claimed. Q.E.D.

We now present some proofs concerning the behavioral comparison “greater
preference for flexibility” in Section 5.3. We begin with some preliminary lem-
mas.

LEMMA 34: Suppose �∗ has a greater preference for flexibility than �, and both
� and �∗ satisfy Independence (Axiom 3). Then, for all 
� 
′ ∈ L, 
 �∗ 
′ if and
only if 
� 
′.

PROOF: By hypothesis, 
� 
′ implies 
�∗ 
′ or, equivalently, 
′ �∗ 
 implies

′ � 
. Therefore, it suffices to show that 
′ ∼∗ 
 implies 
′ ∼ 
. So let us suppose

′ ∼∗ 
 and, without loss of generality, assume that 
′ � 
. Let 
† �∗ 
′ ∼∗ 
 (by
Independence (Axiom 3), it suffices to consider 
 and 
′ for which such an 
†

exists) so that for some sufficiently small λ ∈ (0�1), we have λ
† +(1−λ)
�∗ 
′

but 
′ � λ
† + (1 − λ)
, which contradicts the hypothesis, thereby completing
the proof. Q.E.D.
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LEMMA 35: Suppose �∗ has a greater preference for flexibility than �, and
suppose � and �∗ have canonical DPF representations ((μs)s∈S�Π�δ) and
((μ∗

s )s∈S�Π
∗� δ∗), respectively. Then δ = δ∗, Π = Π∗, μsu = μ∗

s u for all s, and
V (
� s) = V ∗(
� s) for all 
 ∈ L and s ∈ S. Moreover, V ∗(f� s) ≥ V (f� s) for all
f ∈H.

PROOF: By Lemma 34, we know that 
�∗ 
′ if and only if 
� 
′. Thus, � and
�∗ represent the same preference on the restricted domain L. Let VL and V ∗

L

denote the value functions for the respective canonical DPF representations,
restricted to L. As VL and V ∗

L represent the same preference, they are affine
transformations of each other (in each state s). By Corollary 5, μsu= λμ∗

s u for
some λ > 0, where λ is independent of s. But both DPF representations are
canonical, which means that, in fact, λ= 1.

Let 
∗ denote the S-IHCS that gives the uniform lottery in every state in each
period, so VL(
∗� s) = V ∗

L (

∗� s) = 0 for all s (and hence V0(


∗) = 0 = V ∗
0 (


∗)).
For any probability measure μs on U with ‖μsu‖2 �= 0, there exist m�m′ ∈M
such that μu(m) > 0>μu(m′). This implies that there exist 
� 
′ ∈L such that

 � 
∗ � 
′, where 
∗ is as above. Consequently, for any f ∈ H, there exist
λ ∈ (0�1) and 
† ∈ L such that λf + (1 − λ)
∗ ∼ 
†, which means that λf +
(1 − λ)
∗ �∗ 
† because �∗ has a greater preference for flexibility than �. This
implies V ∗(λf + (1 − λ)
∗� s) ≥ V ∗(
†� s) = V (
†� s) = V (λf + (1 − λ)
∗� s),
from which it follows that V ∗(f� s) ≥ V (f� s) for all f ∈ H and s ∈ S, as
claimed. Q.E.D.

It follows easily from Lemma 34 that for each s, U∗
s ≥ Us, where Us repre-

sents �s and U∗
s represents �∗

s .
Let V be the value function that corresponds to the canonical DPF repre-

sentation ((μs)�Π�δ). Notice that since there is no preference for flexibility
with respect to continuation problems in any state s, for the purpose of assign-
ing utilities, we may restrict attention to the domain H(K(P (M × {h◦�h◦}))),
where V (h◦)≤ V (h)≤ V (h◦) for all h ∈H, and V (h◦� s) < V (h◦� s) for all s.

LEMMA 36: Let ϕs :U → R be convex, and let D⊂ U be compact and convex
such that ϕs|D is Lipschitz. Then there exists a compact x⊂ affP (M × {h◦�h◦})
such that maxp∈x[u(pm)+ δV (ph� s)] ≤ ϕs(u) with equality for all u ∈D.

PROOF: Let u∗ ∈D and let σu∗(u) :U → R be an affine function such that
σu∗ ≤ ϕs with equality at u∗. (The function σu∗ represents the hyperplane that
supports ϕs at u∗.) Then there exist d ∈ R

M and d′ ∈ R such that σu∗(u) =
〈d�u〉 + d′. We now construct the corresponding menu.

Notice that σu∗(u) = ∑
i diui + d′ = ∑M−1

i=1 ui(di − dM)+ d′, where we have
used the fact that

∑
i ui = 0 for all u ∈ U. Let α ∈ affP (M) be such that

αi = di − dM for i = 1� � � � �M − 1 and αM = 1 − ∑M−1
i=1 αi. Also, let qh ∈

affP ({h◦�h◦}) be such that d′ = δV (qh� s) (where V has been extended
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to affP ({h◦�h◦}) by linearity and, hence, uniquely). Now consider q(u∗) =
(α�qh), the signed measure on M × {h◦�h◦} (with marginals α and qh). Then
σu∗(u)= u(α)+ δV (qh� s).

Recall that ϕs restricted to D is Lipschitz. This implies that the set x :=
conv{q(u) :u ∈D} is compact. (Intuitively, the set of “slopes” and intercepts of
the supporting hyperplanes of ϕs|D is compact.) It is clear that x⊂ affP (M ×
{h◦�h◦}). For each q ∈ x, u(qm)+ δV (qh� s) is an affine function of u. There-
fore, maxq∈x[u(qm)+δV (qh� s)] is a convex function of u. By construction, this
function is always dominated by ϕs and is equal to ϕs on D, which completes
the proof. Q.E.D.

The proof of Theorem 2 relies on the following theorem, which characterizes
dilations.

THEOREM 5: Let μ and μ∗ be probability measures on U. Then the following
statements are equivalent:

(a) μ∗ is a dilation of μ.
(b) We have μ∗ϕ≥ μϕ for every continuous convex function ϕ :U → R that is

μ+μ∗ integrable.

Theorem 5 is Theorem 7.2.17 in Torgersen (1991). It is proved by Blackwell
(1953) for the case where the supports of μ and μ∗ are bounded.

PROOF OF THEOREM 2: “Only if”: Suppose �∗ has greater preference for
flexibility than �. By Theorem 5, it suffices to show that for every continuous
convex function ϕs :U → R that is μs +μ∗

s integrable, we have μ∗
sϕ

s ≥ μsϕs.
Fix such a function ϕs. We show that there exist continuous, convex functions

ϕsn :U → R that are μs + μ∗
s integrable, such that (i) ϕsn ≤ ϕsn+1, (ii) ϕsn ↑ ϕs,

and (iii) μsϕsn ≤ μ∗
sϕ

s
n. Since ϕs1 is (μs + μ∗

s ) integrable, it follows that ϕs − ϕs1
is integrable. Therefore, 0 ≤ ϕs −ϕsn ≤ ϕs −ϕs1, so the dominated convergence
theorem and (iii) above imply μsϕs ≤ μ∗

sϕ
s.

Let (Dn) be an increasing sequence of compact subsets of U such that
⋃

n Dn

covers the effective domain of ϕs. By standard arguments (because the ef-
fective domain has a relative interior in our finite dimensional setting), we
may assume that for all n, ϕs|Dn is Lipschitz. Then, by Lemma 36, there exists
xn ⊂ affP (M × {h◦�h◦}) so that ϕsn(u) := maxq∈xn[u(qm)+ δV (qh� s)] satisfies
ϕsn ≤ ϕs and ϕsn|Dn = ϕs|Dn . It follows immediately from the construction (in
Lemma 36) that ϕsn ≤ ϕsn+1 (since xn ⊂ xn+1). All that remains is to show that
for all n, μsϕsn ≤ μ∗

sϕ
s
n.

For a fixed s, let Ws and W ∗
s represent the restrictions of Vs and V ∗

s to
K(P (M × {h◦�h◦})). Thus, for any x ∈ K(P (M × H)), there exists x′ ∈
K(P (M × {h◦�h◦})) such that Vs(x)=Ws(x

′). Moreover, two DPF represen-
tations differ if and only if they differ on the domain K(P (M × {h◦�h◦})).
Abusing notation again, let Ws and W ∗

s denote the respective extensions to all
compact subsets of affP (M × {h◦�h◦}).
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Recall that by Lemma 35, V ∗
s (y) ≥ Vs(y) for all y ∈ K(P (M × H)) and

Vs(h
◦) > 0 > Vs(h◦). Then, by linearity, we must have W ∗

s (x) ≥ Ws(x) for
all compact x ⊂ affP (M × {h◦�h◦}). But Ws(xn) = ´

U
ϕsn(u)dμs(u) (which

implies, in particular, that each ϕsn is integrable, since xn is compact and
max{|Ws(xn)|� |W ∗

s (xn)|}<∞), so that we have μsϕsn ≤ μ∗
sϕ

s
n as required.

“If”: Consider the operators Φ�Φ∗ :C(H × S)→ C(H × S) defined as

ΦW (f� s) :=
∑
s′
Π

(
s� s′

)ˆ
U

max
p∈x

[
u(pm)+ δW (ph)

]
dμs(u)�

Φ∗W (f� s) :=
∑
s′
Π

(
s� s′

)ˆ
U

max
p∈x

[
u(pm)+ δW (ph)

]
dμ∗(u)�

As observed in the proof of Proposition 2, both Φ and Φ∗ are monotone
and also satisfy discounting, and are, therefore, contractions. For each x ∈
K(P (M ×H)), maxp∈x[u(pm)+ δW (ph� s)] is a continuous and convex func-
tion of u. Therefore, by Theorem 5, for any W ∈ C(H × S), ΦW ≤Φ∗W . Let
Φn and Φ∗n denote the nth iterates of Φ and Φ∗, respectively. We claim that
ΦnW ≤Φ∗nW for all W ∈ C(H × S) and for all n≥ 1. We have already estab-
lished this for n= 1. Suppose this is true for n− 1, that is, Φn−1W ≤Φ∗(n−1)W .
Then Φ(Φn−1W ) ≤ Φ∗(Φn−1W ) ≤ Φ∗(Φ∗(n−1)W ), that is, ΦnW ≤ Φ∗nW , as
claimed. Finally, let V and V ∗ be the unique fixed points of Φ and Φ∗, re-
spectively, so that V ≤ V ∗, which completes the proof. Q.E.D.

PROOF OF PROPOSITION 9: Let Us and Us′ , respectively, represent �s and
�s′ over K , where, as before, Us(x) = ´

U
maxp∈x[u(pm) + δV (ph� s)]dμs(u)

and similarly for s′. Following the arguments in Lemma 35, we see that when
restricted to consumption streams, Us|L is a positive affine transformation
of Us′ |L. It is easy to see that the constant term must be zero, so let us sup-
pose Us|L = λUs′ |L for some λ > 0. Then it must be that μs and μs′ differ by a
scaling of λ so that μsu= λμs′u. We also have VL(·� s)= λVL(·� s′).

Now consider the S-IHCS 
m̄t that delivers in each period, and in every state,
p∗
m, the uniform lottery over M , except at time t + 1, where it delivers the

prize m̄ ∈ M . Then Us(

m̄
t )/Us′(


m̄
t ) = λ > 0. Define ηs := (0� � � � �1� � � � �0),

where the 1 is the sth entry. The probability distribution over states S at time
t + 1, conditional on being in state s at date 1 is ηsΠt . Therefore, Us(


m̄
t ) =

δt
∑

s̃ ηsΠ
t(s̃)μs̃um̄, which implies that λ=Us(


m̄
t )/Us′(


m̄
t )= [∑s̃ ηsΠ

t (s̃)μs̃um̄]
[∑s̃ ηs′Πt(s̃)μs̃um̄] (or

at least, such an m̄ ∈M can be chosen because μsu �= 0 for some s ∈ S). But
Π is fully connected and has a unique stationary distribution π, which implies
limt→∞ηsΠt = π = limt→∞ηs′Πt , which means we must have λ = 1, that is,
Us|L =Us′ |L, and, in particular, μsu= μs′u.

Consider now, the state s̃ ∈ S and let 
 ∈ L be such that V (
� s̃) �= 0. Such
an 
 exists because V (·� s̃) is nontrivial over consumption streams. Let 
∗ be
the S-IHCS that gives the uniform lottery p∗

m in each state and in every period.
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Now consider the consumption stream 
† that gives the consumption stream
(p∗

m� 
) in state s̃ and the S-IHCS 
∗ in every other state. Then V (
†� s) =
Π(s� s̃)V (
� s̃) = Π(s′� s̃)V (
� s̃) = V (
†� s′), which implies Π(s� s̃) = Π(s′� s̃)
because V (
� s̃) �= 0.

Adapting the arguments from the proof of Theorem 2, we can now show the
equivalence claimed, which proves the proposition. Q.E.D.
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