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Introduction

Contests are incentive schemes based on

ordinal performance comparisons

Used extensively in organizations and

beyond: sales contests, competition for

promotion, political competition, R&D, etc.

Contest models: agents exert costly effort (or

make costly investments) to secure a prize

Reality: agents are often able to take

calculated risks

Contest Designwhere

Agents simultaneously, flexibly choose

effort

risk

technology choice “ Effort` Risk
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Rainhill Trials: October 

Cycloped

Novelty

Rocket

Sans Pareil
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Model

n ě 2 identical players, risk neutral players

Prize schedule v “ pv1, . . . ,vnq P Rn

(a) MONotonicity, Limited Liability:
v1 ě v2 ě . . . ě vn ě 0

(b) Budget constraint:
řn

i“1 vi “ 1

V :“ tv P Rn : (a) and (b) holdu—feasible prize

schedules

Effort cost c : R` Ñ R`, strictly increasing

Player i chooses effort Xi and risk εi such that

(i) Erεi | Xi s “ 0 a.s. — Fair risk

(ii)Yi “ Xi ` εi ě 0 a.s. — Bounded Output

So Xi P MPCpYi q

Incurs effort cost ErcpXi qs

Players ranked by output; prizes

by rank

Contest Design Problem
What is optimal v that maximises

ErXi s?
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Prize Inequality: Majorization Order

For v,w P V ,wmajorizes v if
řk

i“1pwi ´ vi q ě 0 for
all k

§ w ismore unequal than v
§ Winner-Take-All (WTA) contest:

v “ p1, 0, . . . , 0q most unequal contest
§ Punish-The-Bottom (PTB) contest:

v “ p 1
n´1 , . . . ,

1
n´1 , 0q most equal contest

(reverse) Pigou-Dalton transfers:wi “ vi ` δ ,

wj “ vj ´ δ , i ă j ;wk “ vk , k ‰ i , j

PD transfers generate majorization order

v1 v2 v3 v4 v5 v6
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Common theme in the literature: Prize sharing

Cost convexity Fang, Noe, and Strack (), Moldovanu and Sela ()

Heavy-tailed noise Drugov and Ryvkin ()

Other factors
§ Risk aversion
§ Inequality aversion

FNS ` MS: WTA optimal for concave c , … details of costs matter

This paper: strategic risk taking pushes optimal prizes towards less prize sharing
§ Not sensitive to cost function details

Choosing Your Own Luck Introduction  / 



Review of Standard Complete Information Contests (crash course on FNS)

A general contest with prizes

v “ pv1, . . . ,vnq P V

§ Expected winnings with effort quantile
q :

Φvpqq “

n
ÿ

k“1

ˆ

n ´ 1

k ´ 1

˙

qn´k p1´qqk´1vk

§ Φv is strictly increasing, so Φ
´1
v is

well-defined

Proposition

Ifwmore unequal than v

c concave: Fw ěicx Fv

c convex: Fw ěicv Fv

c linear: Fw ěcx Fv

Fw ě(i)cx Fv if
ş

u dFw ě
ş

u dFv for all

u (increasing) convex

ΦvpF pxqq “ cpxq

rent dissipation

implies F pxq “ Φ´1
v pcpxqq @ x P r0, c´1pv1qs

Choosing Your Own Luck Introduction  / 
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Preliminaries

Players choose Xi ,Yi s.t.

ErYi | Xi s “ Xi a.s.

Xi „ Fi ,Yi „ Gi , and

Fi P MPCpGi q

General contest with prizes
v “ pv1, . . . ,vnq P V

§ Expected winnings with effort quantile q :

Φpq ; vq “

n
ÿ

k“1

ˆ

n ´ 1

k ´ 1

˙

qn´k p1´qqk´1vk

§ q ÞÑ Φpq , vq is strictly increasing

Symmetric Equilibrium pF ˚,G˚q: player i solves

max
Fi ,Gi

ż

ΦpG˚py q; vq dGi py q ´

ż

cpxq dFi pxq s.t. Fi P MPCpGi q
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Necessary Equilibrium Conditions

Consider our model whereY “ X ` ε

pF ˚,G˚q equilibrium iff it solves

max
F ,GP∆pR`q

ż

ΦvpG˚py qq dGpy q ´

ż

cpxq dF pxq s.t. G P MPSpF q

Given F ˚,G˚ solves

max
GP∆pR`q

ż

ΦvpG˚py qq dGpy q s.t. G P MPSpF ˚q

G˚ is equilibrium in risk-taking contest given F ˚

§ Myerson (): F ˚ is degenerate, exogenous
§ Here, F ˚ endogenous

F is distribution of X (effort)

G is distribution ofY (output)
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Risk-Taking Contests

Lemma

IfΦvpG˚py qq is strictly concave locally, then F ˚ “ G˚

IfΦvpG˚py qq is affine over ry1, y2s, then
ş

y dG˚ “
ş

y dF ˚

supppG˚q is bounded interval

0
y

ΦvpG˚py qq

x1 x2 x3
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Another Necessary Condition

pF ˚,G˚q is an equilibrium iff

pF ˚,G˚q P argmax
F ,GP∆pR`q

ż

ΦvpG˚py qq dGpy q´

ż

cpxq dF pxq s.t. F P MPCpGq

GivenG˚, F ˚ is such that

F ˚ P argmax
F P∆pR`q

ż

p´cpxqq dF pxq s.t. F P MPCpG˚q

F ˚ is cost-minimizingMPC ofG˚

Dworczak and Martini ()

max
F P∆pR`q

ż

upxq dF pxq s.t. F P MPCpG˚q
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Dual Problem: Dworczak andMartini ()

min

ż

φ dG˚ s.t. φ convex,φ ě u

supppF ˚q Ă tφ˚ “ uu
ż

u dF ˚ “

ż

φ˚ dF ˚ “

ż

φ˚ dG˚

t
0

u

t˚ t˚

φ˚
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Applying DM to Our Problem
c

t
0

c

x˚ x˚

ξ˚

Step : Find (candidate) solution ξ˚ to

min

ż

ξ dG˚ s.t. ξ concave, ξ ď c

Step : F ˚ solution iff

supppF ˚q Ă tφ˚ “ uu
ż

u dF ˚ “

ż

φ˚ dF ˚ “

ż

φ˚ dG˚
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Virtual Contest

Given ξ˚,

max
F ,GP∆pR`q

ż

ΦvpG˚py qq dGpy q ´

ż

cpxq dF pxq ô max
GP∆pR`q

ż

ΦvpG˚py qq dGpy q ´

ż

ξ˚py q dGpy q

“

ż

rΦvpG˚py qq ´ ξ˚py qs dG˚py q

ΦvpG˚py qq ´ ξ˚py q “ ´ξ˚p0q for all y P supppG˚q

Proposition

The equilibrium output distributionG˚ satisfies

ΦvpG˚py qq “ mintξ̃˚py q,v1u @y if and only if G˚py q “ Γvpξ̃˚py qq

where ξ̃˚py q “ ξ˚py q ´ ξ˚p0q and Γvpt q “ Φ´1
v pt q1pt ď v1q ` 1pt ą v1q
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Equilibriumwith Concave Costs

c, ξ˚

x0

If c is concave then ξ˚ “ c ùñ G˚py q “ Γvpcpy qq ( as without risk taking)

Because ΦpG˚; vq “ ξ˚ “ c is strictly concave, F ˚ “ G˚
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Equilibriumwith Convex Costs

c, ξ˚

x0

ξ˚p0q
m˚

If c is convex then ξ˚ is affine and tangent to c atm˚

Then,G˚ is such that ΦpG˚py q; vq “ ξ̃˚py q “ ξ˚py q ´ ξ˚p0q “ c 1pm˚qy

And F ˚ is degenerate atm˚
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Equilibriumwith Convex-Concave Costs

c, ξ˚

t0

ξ˚p0q m˚ bpm˚q

If c is convex-concave then ξ˚ is affine-concave

F ˚ has mass atm˚ and coincides withG˚ above bpm˚q
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Equilibriumwith Concave-Convex Costs

c, ξ˚

t
0

apm˚q m˚

If c is concave-convex then ξ˚ is concave-affine

F ˚ “ G˚ below apm˚q and then mass atm˚
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Equilibriumwith Concave-Convex Costs

c, ξ˚

t
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Contest Performance

Question:What happens to ErX ˚s “ ErY ˚s as v becomes more unequal; in particular,

How does vWTA compare to other contests?

Proposition

If c is concave then No Risk Taking, ie, X ˚ “ Y ˚ and ε “ 0. Therefore, the existing results

continue to apply.

If c is convex thenMax Risk Taking, ie, X ˚ “ degenerate,Y ˚ “ X ˚ ` ε . Virtual cost is

concave, independent of v, so existing results apply

More inequality raises the equilibrium distribution X ˚ “ Y ˚ in increasing convex order

WTA dominates any other contest in increasing convex order (so maximizes expected

effort/output).
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Contest Performance: General Look

Recall equilibrium output distributionG˚ given by

ΦvpG˚py qq “ mintξ̃˚py q,v1u ðñ G˚py ; vq “ Γv
`

ξ̃˚py ; vq
˘

§ v affects (i) Φv „ Γv itself and (ii) ξ̃py ; vq

Decomposition: Forwmore unequal than v

G˚py ;wq ´ G˚py ; vq “ Γwpξ̃˚py ;wqq ´ Γvpξ̃˚py ; vqq

“ Γwpξ̃˚py ;wqq ´ Γvpξ̃˚py ;wqq

prize effect

` Γvpξ̃˚py ;wqq ´ Γvpξ̃˚py ; vqq

virtual cost effect

Lemma: Because ξ˚ is always concave, the prize effect necessarily raises

the distribution in increasing convex order
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Concave or Convex Costs

c is concave: then ξ̃˚ “ c independent of v

ñ No virtual cost effect

c is convex: then ξ̃˚ is globally affine

ñ The prize effect is in convex order, with the same mean (Barut and Kovenock, )
ñ Again, no virtual cost effect

Proposition

Suppose c is convex. Then, for any contest v P V , there exists a unique symmetric equilibrium,

where

effort “ xd such that xd c 1pxd q “ 1{n

Output distributionG˚ satisfies ΦpG˚py qq “ minry {nx ,v1s

G˚ rises in convex order if v becomes more unequal.
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Concave-Convex or Convex-Concave Costs

c, ξ˚

t0
ξ˚p0q m˚ bpm˚q

c, ξ˚

t
0apm˚q m˚

Why? Because, unlike other studies (FNS, …), our result is unambiguous: WTA maximizes

expected effort/output. Does it hold even beyond concave or convex costs?

Convex costs mainly for tractability, but …
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Concave-Convex Costs: Textbook Example (Besanko and Breautigam)
8.1 LONG-RUN COST CURVES 297

Although long-run average and marginal cost are both derived from the firm’s
long-run total cost curve, the two costs are generally different, as illustrated in 
Figure 8.7. At any particular output level, the long-run average cost is equal to the
slope of a ray from the origin to the point on the long-run total cost curve correspon-
ding to that output, whereas the long-run marginal cost is equal to the slope of the
long-run total cost curve itself at that point. Thus, at point A on the total cost curve
TC(Q) in Figure 8.7(a), where the firm’s output level is 50 units per year, the average
cost is equal to the slope of ray 0A, or $1500/50 units ! $30 per unit. By contrast, the
marginal cost at point A is the slope of the line BAC (the line tangent to the total cost
curve at A); the slope of this line is 10, so the marginal cost when output is 50 units
per year is $10 per unit.

Figure 8.7(b) shows the long-run average cost curve AC(Q) and the long-run
marginal cost curve MC(Q) corresponding to the long-run total cost curve TC(Q)
in Figure 8.7(a). The average cost curve shows how the slope of rays such as 0A
changes as we move along TC(Q), whereas the marginal cost curve shows how 
the slope of tangent lines such as BAC changes as we move along TC(Q). Thus, in
Figure 8.7(b), when the firm’s output equals 50 units per year, the average cost
is $30 per unit (point A") and the marginal cost is $10 per unit (point A#),
corresponding to the slope of ray 0A and line BAC, respectively, at point A in
Figure 8.7(a).

FIGURE 8.7 Deriving Long-
Run Average and Marginal Cost
Curves from the Long-Run Total
Cost Curve
Panel (a) shows the firm’s long-
run total cost curve TC(Q). Panel
(b) shows the long-run average
cost curve AC(Q) and the long-
run marginal cost curve MC(Q),
both derived from TC(Q). At point
A in panel (a), when output is 
50 units per year, average cost !
slope of ray 0A ! $30 per unit;
marginal cost ! slope of line 
BAC ! $10 per unit. In panel 
(b), points A" and A# correspond
to point A in panel (a), illustrat-
ing the relationship between the
long-run total, average, and mar-
ginal cost curves.
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Concave-Convex or Convex-Concave Costs

c, ξ˚

t0
ξ˚p0q m˚ bpm˚q

c, ξ˚

t
0apm˚q m˚

For these cost functions, ξ̃˚ does depend on v

Challenge: uncover the direction of the virtual cost effect

G˚py ;wq ´ G˚py ; vq “ Γwpξ̃˚py ;wqq ´ Γvpξ̃˚py ; vqq

“ Γwpξ̃˚py ;wqq ´ Γvpξ̃˚py ;wqq

prize effect

` Γvpξ̃˚py ;wqq ´ Γvpξ̃˚py ; vqq

virtual cost effect
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Convex-Concave Costs: Comparative Statics

Proposition

If c is convex-concave then the unique equilibrium output in the WTA contest dominates the

largest equilibrium output from any other contest in increasing convex order

There existmultiple equilibria for some contests

But unique equilibrium for WTA

If there are multiple equilibria for v P V , the equilibrium with the lowestm˚ produces

the highest output in increasing order

Focus on thatm˚
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Concave-Convex Costs: Comparative Statics

Proposition

If c is concave-convex, then

the expected virtual cost effect “ 0

ErY ˚pwqs ě ErY ˚pvqs wheneverw is more unequal than v
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Summary: The Optimality of WTA contests

Consider any v P V

c is concave or convex-concave ùñ Y ˚pvWTAq ěicx Y
˚pvq

c is convex ùñ Y ˚pvWTAq ěcx Y
˚pvq

c is concave-convex: ErY ˚pvWTAqs ě ErY ˚pvqs

Maximizing highest output

§ If c is concave, convex, or convex-concave then vWTA maximizes the (expected) highest
output.

§ If c is concave-convex then the same result is likely to continue to hold, but the result
cannot be generally established because the virtual cost effect works in the opposite
direction from the prize effect.
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