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We consider concave and Lipschitz continuous preference functionals over monetary lotteries. We show
that they possess an envelope representation, as the minimum of a bounded family of continuous
vN-M preference functionals. This allows us to use an envelope theorem to show that results from local
utility analysis still hold in our setting, without any further differentiability assumptions on the preference
functionals. Finally, we provide an axiomatisation of a class of concave preference functionals that are

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we consider concave preference functionals over
the space of monetary lotteries that are Lipschitz continuous.
Concavity of the preference functional is to be interpreted as
representing pessimism on the part of the decision maker about
his future (ie, as yet to be determined) preferences. The key
property of concave and Lipschitz preference functionals is that
they possess an envelope representation, that is, they can be
written as the minimum of a bounded family of continuous
vN-M preference functionals. (Every concave function can be
written as the infimum of a family of continuous vN-M preference
functionals. Lipschitzness ensures that the infimum is always
achieved.) We show that properties of the concave preference
functional (say, with regards to risk aversion) can be linked to the
properties of the underlying family of vN-M preference functionals
that form the envelope. We also provide an axiomatisation of
preferences that can be represented by a concave and Lipschitz
continuous preference functional. We now describe our results in
more detail.

Our first set of results, linking global behaviour of the preference
functional to the properties of the family that forms the envelope
falls under the rubric of ‘local utility analysis’. This stems from the
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observation by Machina (1982) in his seminal paper, that while
expected utility theory itself may be difficult to reconcile with
observations, the theorems of expected utility analysis are still
useful provided the (nonexpected utility) preference functional
under consideration is sufficiently smooth. Indeed, the intuition
is very straightforward. If the preference functional is sufficiently
smooth (and Machina uses the notion of Fréchet differentiability
here—see Appendix A.4 for definitions and details), then it can be
approximated locally by an expected utility preference functional,
the approximation being given by the Fréchet derivative of the
functional, and referred to as the local utility function. If we consider
smooth paths in the space of monetary lotteries, then local
and global changes can be linked by integrating the preference
functional along these paths. This allows Machina (1982) to obtain
elegant characterisations of all sufficiently smooth nonexpected
utility preference functionals in terms of economic behaviour.
Indeed, his analysis is now referred to as local utility analysis. (The
essential equations of local utility analysis are Eqgs. (2)-(4) in what
follows.)

We provide a more general intuition for local utility analysis:
we show that if a preference functional is a generalised potential,
that is, if it allows marginal local changes to be aggregated along
sufficiently smooth paths to correspond to global changes, then
one can do local utility analysis. There are at least two ways a
preference functional can be a generalised potential. One kind
of generalised potential corresponds to the criterion identified
by Machina, namely that the preference functional be Fréchet
differentiable. The second is the approach taken here, based on
the envelope theorem. We show that a preference functional is
a generalised potential if it is concave and Lipschitz, i.e., if it
possesses an envelope representation, which allows us to use the
envelope theorem to aggregate local changes along suitable paths.

Our results complement the findings of Machina (1982) in
the following sense. His analysis works for preference functionals
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that are (L') Fréchet differentiable. Unfortunately, there are many
useful classes of preference functionals, including Rank Dependent
Utility (henceforth RDU; see Section 4.2 for a description) and
the Maxmin under Risk model of Maccheroni (2002), that are
not Fréchet smooth. We show that if the preference functional
is concave (or convex) and Lipschitz, Machina’s results can
nonetheless be recovered in this nonsmooth setting. Moreover,
concavity and Lipschitzness are much easier to verify than Fréchet
smoothness.

Our envelope based approach significantly expands the class of
preference functionals for which local utility analysis is valid. (It
is trivial to note that convex Lipschitz preference functionals are
also amenable to our analysis since they too possess an envelope
representation.) Therefore, our approach also applies to risk averse
Lipschitzian RDU preference functionals (which are convex, cf.
Section 4.2).

The rest of the paper is structured as follows. We introduce
the model and obtain an envelope representation (in Section 3)
and show that local utility analysis is valid in our setting in
Section 4. An axiomatisation of preferences following Maccheroni
(2002) is in Section 5 and Section 2 contains a discussion of the
related literature. Omitted proofs are in the Appendix, which also
contains a discussion Lipschitz continuity and of various notions of
differentiability.

2. Related literature

The standard book on multicriteria utility theory is still Keeney
and Raiffa (1993). They start out with a single utility function
for each criterion used by the decision-maker and then provide
axioms on how these should be combined. The various sets
of axioms characterise additive, multiplicative and multilinear
representations and require decision makers to make explicit
tradeoffs among criteria, for example comparing lotteries where
all but one of the criteria are at their lowest levels and one at its
highest level. Such trade-offs might be harder for decision-makers
to make than using the representation we provide.

The preference functionals above can be viewed as representing
a decision maker who aggregates the utility functions of a set of
agents in an economy. It is interesting to note that even though
each agent in this economy has a vN-M utility function, the
decision maker with the aggregated utility function violates the
vN-M axioms (in particular the Independence axiom). A similar
observation has been made by Schlee (2001), who shows that
in an economy with a representative agent, it may be that all
agents strictly dislike any improvement in information, but the
representative agent is indifferent to more information.

A class of concave preference functionals has been axiomatised
by Maccheroni (2002) in a very general setting, who shows
that such preferences also have envelope representations. By
considering an environment with more structure which, in turn,
allows us to make stronger assumptions, we are able to sharpen the
characterisation obtained. In particular, we augment his axioms
with an axiom christened Uniform Sensitivity by Rader (1972),
which ensures that the functional representing the preference is
Lipschitz. We thus axiomatise a class of preferences that possess
an envelope representation in our setting. This demonstrates
how a set of axioms on preferences that results in a concave
preference functional can be enlarged to result in a Lipschitz
concave preference functional. We discuss Maccheroni (2002) in
greater detail in Section 5.

Another paper that is very relevant is Cerreia-Vioglio (2009)
who considers various domains (lotteries over a finite space,
lotteries over a compact metric space, menus of lotteries)
and studies (suitably) continuous preferences that satisfy Weak
Convexity or Mixing (so the upper contour sets are convex). He

interprets Weak Convexity as we do, in that it reveals the agent’s
pessimism about his future tastes and reveals a hedging motive.
In particular, if the domain is lotteries over a compact metric
space, any continuous preference that satisfies Weak Convexity
can be represented by the functional inf,cy U(E,(p), v) where
V is a closed, convex family of vN-M utility functions, and U
is an aggregator of sorts. Thus, our setting is a special case of
his, although our extra assumptions allow us to draw stronger
conclusions. The main contribution of Cerreia-Vioglio (2009) is
then to show that any model of choice that satisfies Weak
Convexity can be viewed as being subject to a form of pessimism
and being desirous of instruments that allow the agent to hedge
against future subjective uncertainty.

Local utility analysis, as discussed above, was introduced
by Machina (1982). Machina (1984) considers smooth and
convex preference functionals on the space of monetary lotteries.
Convexity of the preference functional is motivated by the
observation that in settings where the temporal resolution of
uncertainty matters, economic agents may prefer this uncertainty
to be resolved sooner rather than later. While our analysis is also
valid for convex preference functionals, we drop the smoothness
assumption and instead only require that the preference functional
is Lipschitz continuous.

The technical result that allows us to obtain an envelope
representation is from Ergin and Sarver (2010a,b). They are
interested in a model where an agent has preferences over menus
of lotteries, and obtain a representation wherein the agent behaves
as if there are costs to contemplating about the consequences of
choice from a menu.

3. The model and envelope representation

Let D[0, 1] be the space of all probability distribution functions
over the unit interval. Distribution functions will be denoted by
F(-), G(-) etc. We may think of each distribution function F(-) as
a member of L'[0, 1], the Banach space of all integrable functions
on the unit interval, and therefore endow D[0, 1] with the induced
metric, i.e., d(F, G) := ||F — G||;, where ||-||; is the L' norm and
IF =G|, = f |F(x) — G(x)| dx. As noted by Machina (1982), this
metric induces the topology of weak convergence on D[0, 1]. In
V\]Ihat follows, we regard D[0, 1] as a compact, convex subset of
L'[o, 1].

A preference functional is a function V D[0,1] — R. A
preference functional is concave if for all F,G € [0,1] and ¢ €
[0, 1], V(ozF—i—(l—a)G) > aV(F)4+(1—a)V(G).Itis Lipschitzian of
rank M > 0if |V(F) — V(G)| < M ||F — G||, for all F, G € D[0, 1].
In this paper, we shall focus primarily on concave preference'
functionals, although it will be clear that all our results also hold
for convex preference functionals.

Let C[0, 1] denote the space of uniformly continuous functions
on the unit interval. A function u € C[0, 1] is Lipschitzian of rank
M > 0if [u(x) —u(y)| < M|x—y|forallx,y € [0, 1]. A subset
U C ([0, 1] is equi-Lipschitzian® if there exists M > 0 such
that every u € U is Lipschitzian of rank M. In what follows, we
shall frequently suppress the variable of integration and denote
integrals of the form [ u(x) dF (x) and [ F(t)¢(t) dt by [ u dF and
| Fo respectively.

1 Clearly, concavity of the preference functional indicates a preference for
randomisation in the sense that V(1F + 1G) > 1V(F) + 1V(G). As we will see
below, this says nothing about the risk aversion of the agent.

2 The term is chosen to be in consonance with the notion of equi-differentiability
used by Milgrom and Segal (2002). It is easily shown that if the family of functions
U is equi-differentiable in the sense of Milgrom and Segal (2002), then it is also
equi-Lipschitzian.
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We begin by obtaining an intermediate representation. It says
that every concave preference functional can be written as the
pointwise minimum of a family of affine functionals. It is well
known that every concave function can be written as the infimum
of a family of affine functionals. The proposition below shows that
the infimum is actually achieved, and puts some structure on the
family of affine functionals.

Theorem 3.1. For any preference functional V : D[0, 1] — R, the
following are equivalent:
(i) V is concave and Lipschitzian of rank M > 0.
(ii) There exists a set U C C[0, 1] that is convex, closed, (norm)
bounded, and equi-Lipschitzian of rank M > 0 (and hence
compact), such that

V(F):min|:fudF:ue‘u:| (1)

Moreover, foranya > 0andb € R,aV + b = min[fu dF :
u € al + b]. Finally, there is a U that is smallest (in the sense of
set inclusion) amongst sets satisfying Eq. (1) above.

The representation of V as in (1) with a minimal U is referred
to as a canonical envelope representation.

The concave functional V has a very natural interpretation
for decision makers. Each vN-M utility function on [0, 1] can be
interpreted as a decision making criterion. The decision maker
behaves as if she considers many decision making criteria possible,
but given the coarseness in her perception, is unsure about the
correct criterion to use. The criterion she chooses is the maximum
of the minimum values - i.e., the largest amount of utility she can
guarantee herself - in the face of this subjective ‘ambiguity’.

It is worth mentioning that if V(F) := fxdF, i.e., if V is risk
neutral and an expected utility functional, then (the minimal) U =
{u e RO : y(x) = x, x € [0, 1]}, that is, U consists solely of the
linear function u(x) = x.

To see why uniqueness of the set U cannot be guaranteed,
consider a set U as in the theorem. Since [0, 1] is compact, and U
is norm bounded in C[0, 1], it follows that there existsan M < oo
such that maxyepo, 1) u(x) < M for allu € U. Now, define v € RI*Y

asv(x) = M forallx € [0, 1]. Also, let U := conv(U U {v}).
Clearly, for all F € D[0, 1], we still have min[ [ u dF : u € U] =

min[f wdF : w € UJ.Thus, itis not possible to pin down the set U
uniquely. (Recall that U is identified up to the same positive affine
transformation as V.) The best we can do, as stated in the theorem,
is pin down a smallest set U that induces (1) above. As mentioned
in Section 2, Theorem 3.1 can also be viewed as a refinement of
Theorem 20 in Cerreia-Vioglio (2009).

4. Local utility analysis

Machina (1982) observes that the theorems of expected utility
analysis are useful even for nonexpected utility preference
functionals. We now describe how this works in general,
nonsmooth settings.

A path in D[0, 1], denoted by F(-, t), is a continuous function
t — F(,t) wheret € [0,1]. For any F,G € D[0, 1], a path
connects F and G if there exists a continuous path F(-, t) such that
F(-,0) = F and F(-,1) = G. A path is Lipschitzian if the map
t +— F(-, t) is Lipschitz. It is uniformly Lipschitzian if there exists
an M > 0 such that for all x € [0, 1], F(x, -) is Lipschitzian of rank
M. 1t is uniformly semismooth? if there exists a set N C [0, 1] of

3 We note that our definition of uniformly semismooth is nonstandard, and
different from that in the literature, for instance Correa and Jofre (1989), which
is equivalent to the existence and continuity of directional derivatives in every
direction. We do not know how the two definitions are related.

Lebesgue measure O such that for all ¢ € L$°[0, 1] (so that ¢ > 0)
with ||¢|l,, = 1and forallt* € [0, 1]\ N, the integralfF(-, ()
is differentiable (in t) at t*, and

Y e oeoll = [ 2rer
S [/ 8 )w(-]t*—/[at - )¢<~)}

Intuitively, a uniformly semismooth path is one where for a set of
points of full measure, the order of integration and differentiation
can be interchanged. (This will allow us to evaluate an integral over
a path, as in Egs. (3) and (4).)

Let V : D[0, 1] — R be a preference functional. It is a gener-
alised potential if (i) for each F € D[0, 1], there exists a continuous
function v(-, F) : [0, 1] — R such that V(F) = [ v(-, F) dF, and
(ii) for any path F(-, t) through F that is uniformly Lipschitz and
semismooth, F(-, t*) = F implies

= % (/ v(x, F(x, t*)) dF (x, t))
t*

As we shall see below, for the uniformly Lipschitz and
semismooth paths under consideration, this allows us to write

d F(x, t*)) dF
a(/v(x, (x, t%) (x,t))

= / v(x, F(x, t%)) dF (x, t¥) 3)

t*

d
—V(F(, 1))

de @

t*

t*

and we can integrate Eq. (2) and use Eq. (3) to obtain

V(F(, 1)) = V(F(-, 0))

=/</U(X,F(x, t%)) dF(x, r*)) de*. (4)

The function v(-, F) will be called the weak local utility function
at F.4 It is easy to see that weak local utility functions contain
information about what happens near a lottery, and for preference
functionals that are generalised potentials, it is possible to link
local and global by integrating along suitable paths.

Every linear, expected utility preference functional is obviously
a generalised potential. It the preference functional is not linear
but is Fréchet smooth, then the weak local utility function can be
taken to be the Fréchet derivative. It is easy to check that in this
case, the preference functional is a generalised potential, and the
fundamental theorem of calculus, which allows integration along
sufficiently smooth paths, ensures that we can integrate along
paths.

The main observation of this paper is that concave (or convex)
preference functionals that are Lipschitz continuous are also
generalised potentials. Machina (1982, p 279) states that even
though the Independence axiom does not hold, i.e., even though
the preference functional V is not linear, ‘the implications and
predictions of theoretical studies which use expected utility
analysis will (emphasis in original) be valid, provided preferences are
smooth (emphasis added)'. This is because some of the properties
of the local utility functionals correspond to global properties of
the preference functional V, and vice versa. Our goal in this section

4 Notice that the weak local utility function defined here is distinct from
Machina’s local utility function, since the weak local utility function does
not provide a uniform local approximation of the preference functional, while
Machina’s local utility function does. Put differently, Machina’s local utility function
v(-, F) is the Fréchet derivative of V at F and hence provides an approximation of the
preference functional in an open neighbourhood of F, while the weak local utility
function is merely a subgradient of V at F. (See Appendix A.4 for a definition of
Fréchet differentiability.) Clearly, every local utility function is a weak local utility
function, but the converse is not true.
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is to show that Machina's statement above holds for all Lipschitz
concave preference functionals, even the ones that are not smooth.

The Eqgs. (2)-(4) are the essential tools underlying our analysis.
Using an appropriate combination of these equations, it is possible
to link local and global valuations of the preference functional.
We shall now establish that concave and Lipschitz preference
functionals are generalised potentials, so that Egs. (2)-(4) hold. We
can now prove our first main theorem.

Theorem 4.1. Let V be a preference functional that is concave and
Lipschitz. Then, it is a generalised potential.

Theorem 4.1 is closely related to work by Krishna and Maenner
(2001), who are motivated by problems in multidimensional
mechanism design. Their Theorem 1 is, modulo notational
differences, a special case of the theorem above. We improve on
their Theorem 1 by allowing for a compact, convex domain in
a Banach space (their domain is a convex set with interior in a
finite dimensional Euclidean space) and by dispensing with their
requirement that the path under consideration be smooth (since
we only require that the path be uniformly semismooth).> The
infinite dimensional setting is needed since our domain D[O0, 1]
lives in L'[0, 1], an infinite dimensional Banach space, and in (the
proof of) Theorem 4.5, we will consider uniformly semismooth
paths.

We are now ready to prove non-smooth analogues of Machina’s
local utility theorems. In order to use Egs. (2)-(4) above, all
that needs to be established in the proofs is that the paths
under consideration are uniformly Lipschitzian and uniformly
semismooth.

Theorem 4.2. Let V have a canonical envelope representation. Then,
the following are equivalent:

(i) V(F*) > V(F) for all F,F* € DI[O0, 1] where F* first order
stochastically dominates F, and
(ii) u(x) is increasing in x for eachu € U.

The proof of the preceding theorem considers paths of the form
F(-, @) := F+a(F* —F).Itis clear that paths of this kind are equi-
Lipschitzian and uniformly semismooth. (Indeed, they are straight
lines.) As in Machina (1982), to ensure the strict preference for
stochastic dominance, we shall assume from now on the u(x) is
strictly increasing in x for all u € U. We note that the implication
‘(ii) implies (i)’ does not require local utility analysis. The next
proposition relates risk aversion to the concavity of the local utility
functions. It follows from Theorem 4.5.

Proposition 4.3. Let V have a canonical envelope representation.
Then, the following are equivalent:

(i) V(F) > V(F*) forall F, F* € D[O0, 1] such that F* differs from F
by a mean preserving increase in risk, and
(ii) u(x) is a concave function of x for eachu € U.

As in Machina (1982), more can be said about the local
utility functions, and their relation to the preference functional V.
Towards this end, we begin with a definition from Machina (1982).

Definition4.4. If F and F* are two cumulative distribution
functions over wealth in [0, 1], then F* is said to differ from F by a
simple compensated spread if the agent is indifferent between F and
F*, and if [0, 1] may be partitioned into disjoint intervals I; and I
(with I to the left of Ig) such that F*(x) > F(x) for all x € I; and
F*(x) < F(x) forall x € I;.

5 Actually, more can be shown. In the finite dimensional setting of Krishna and
Maenner (2001), it can be shown that every Lipschitz path is uniformly semismooth,
hence their Theorem 1 actually holds for all Lipschitz paths.

For an expected utility maximiser, sequences of simple
compensated spreads are equivalent to mean utility preserving
increases in risk. As in Machina (1982), comparison of increased
risk aversion can be characterised in terms of the local utility
functions. In what follows, we shall assume that all the local utility
functions are strictly increasing. For any x* € [0, 1], Gy (+) is the
distribution concentrated at x*.

Following Machina (1982), it is useful to define the conditional
demand for a risky asset as the value of « that yields the most
preferred distribution in the set {(1— p)F** + pF(1_q)rqz }, Where
r > 0, Z is a nonnegative random variable with mean greater than
r and F(1_q)r+4z is the distribution function of (1 — «)r 4+ «z. Arisk
averse individual is said to be a diversifier if, for all distributions
F*,p € (0,1),r > 0, and nondegenerate Z, the individual’s
preferences over the set of distributions {(1— p)F** + pF1_a)r+az }
are strictly quasiconcave in «.

The following is the analogue of Theorem 4 in Machina (1982).

Theorem 4.5. Let V and V* have canonical envelope representations,
with weak local utility functions v(-, F) and v*(-, F) respectively.
Then, the following are equivalent:

(i) Forarbitrary distributions F(-) and F**(-) andp € (0, 1), if cand
c* respectively solve V ((1—p)F**+pF) = V((1—p)F**+pG)
and V*((1—p)F** +pF) = V*((1—p)F**+pG+), then c < c*.
(ii) For any cdf F(-), and any weak local utility functions v(-, F) and
v*(-, F), v(-, F) is at least as concave as v*(-, F).
(iii) Ifthe distribution F*(-) differs from F (-) by a simple compensated
spread from the point of view of V*(-) so that V*(F*) = V*(F),
then V(F*) < V(F).

If both individuals are diversifiers and have differentiable weak local
utility functions, then the above conditions are equivalent to:

(iv) For an distribution F** € D[0,1],p € (0,1),r > 0,Z a
nonnegative random variable with E[Z] > r, if a and o* yield the
most preferred distributions of the form (1 —p)F** +pF1—a)r+az
for V(-) and V*(-) respectively, then o < o™,

As in Machina (1982), the proof establishes that (i) implies
(ii) implies (iii) which implies (i). That (iii) (or (ii)) implies (i) is
straightforward, and does not require local utility analysis. Details
of this are provided in the Appendix A.2. The equivalence of (ii) and
(iv) follows from the observations in Wang (1993).

4.1. A useful family of preferences

We now introduce a useful family of preference functionals
that admit a simple envelope representation, and correspond to
g-contamination in the literature on ambiguity.® As Yaari (1987)
notes, ‘In expected utility theory, the agent’s attitude towards
risk and the agent’s attitude towards wealth are forever bonded
together’. Our objective is to find a one-parameter family of utility
functions that disentangle risk aversion and marginal utility of
wealth.” Specifically, we would like to vary risk aversion while
keeping the utility over certain amounts of wealth (and hence
marginal utility) fixed. In a problem with intertemporal choice
with separable utility, this would have the happy consequence of
keeping the marginal rate of substitution of certain consumption
fixed between consecutive periods, while the parameter allows us
to vary risk aversion.

6 In the working paper version, we explore the consequences of increased risk
aversion in a portfolio problem with two risky assets and in an asset pricing model,
based on the Lucas tree.

7 Another nonexpected utility theory with this feature is the model of
disappointment aversion due to Gul (1991).
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Let u [0,1] — R be a utility function that is concave,
Lipschitz and increasing, and suppose for simplicity that u is also
differentiable everywhere.® Consider now, for each « € [0, 1], the
function V (-, o) over lotteries, given by

V(F; a) = au(ur) + (1 — o) / udF. (5)

Notice that for 1 > o« > B8 > 0, V(-; B) is more risk averse than
V(-; a) in the following two (typically distinct) senses: (i) For any
lottery F, ¢, > cg, where ¢, and cg are, respectively, the certainty
equivalents for the utility functions V(-; &) and V (-; §), and (ii) If
lottery F is a simple compensated mean preserving spread of the
lottery G (see definition above) such that V(F; o) = V(G; «), then
V(F; B) < V(G; B).

The function V (-, 1) is risk neutral, since V(F, 1) = u(uf). For
any x € [0, 1], G, is the distribution function concentrated at x.
Then, V(Gy, @) = aux) + (1 — a)u(x) = u(x) forallx € [0, 1],
that is the ‘marginal utility’ for wealth is independent of «, while
risk aversion varies with o.

Thus, in the one-parameter family V(-; ) with ¢ € [0, 1], @
can be thought of as measuring risk aversion (relative to risk
neutrality and the Arrow-Pratt measure of the function u),
while utility for money remains unchanged. Proposition A.3 in
the Appendix shows that the family V (-, ®) has an envelope
representation, and provides an explicit construction of the
envelope. The construction also demonstrates that the family
(V-, @) is naturally related to the notion of e-contaminated beliefs
in the literature on ambiguity.

4.2. Rank dependence

The class of Rank Dependent Utility (RDU) functionals was
introduced by Quiggin (1982) and Yaari (1987). Chew et al. (1987)
first show that RDU functionals are not Fréchet differentiable,
and then show that local utility analysis is possible for Gateaux
differentiable RDU functionals. An RDU functional is a functional
of the form

V(F) = f 000 d(g o F)(X)

where F € D[0,1],v : [0,1] — R is continuous and strictly
increasing,and g : [0, 1] — [0, 1]is continuous, strictly increasing
and onto. Chew et al. (1987, Corollary 2) and Wakker (1993,
Theorems 20 and 25) show that an RDU preference functional is
risk averse if, and only if, both g and v are concave, in which case
the preference functional is quasiconvex.

We shall now show that risk averse RDU functionals are, in fact,
convex. Indeed, we shall show that an RDU preference functional
is convex as long as g is concave.

Proposition 4.6. Suppose V is a RDU preference functional V as
defined above, and g is concave. Then, V is convex.

Proof. Let F, G € D[0, 1] and @ € [0, 1]. Then, by the concavity
of g, for every x € [0, 1], g(aF(x) + (1 — @)G(x)) > ag(F(x)) +
1- a)g(G(x)). Put differently, «(g o F) + (1 — @) (g o G) first order
stochastically dominates g o («F + (1 — «)G). This implies,

V(aF + (1 — a)G) = /v(x) d(g o (@F + (1 — )G))(x)

N

/v(x) d((g o F) + (1 — a)(g 0 §))x)
aV(F) + (1 —a)V(G)

8 We note that the requirement that u be Lipschitz rules out some natural utility
functions such as u(x) = +/x.Butsuch a function can be approximated by a Lipschitz
function, since Lipschitz functions are dense in the space of continuous functions.

where the inequality is due to the first order stochastic dominance
established above. O

It is easy to see that if v and g are Lipschitz, then V is also
Lipschitz. Therefore, for risk averse (and hence convex) Lipschitz
RDU functionals, our theorems apply, without any additional
differentiability hypotheses. In the setting of RDU preference
functionals, Chateauneuf and Cohen (1994) show that it is possible
to disentangle, to an extent, risk aversion and marginal utility for
wealth. This result can be seen as a variation of the representation
of Yaari (1987), who axiomatises an instance of RDU preference
functionals, where the function v is linear, so that his preference
functional is risk averse even though the marginal utility of wealth
is constant.

5. Axioms

In this section, we will augment the representation of Mac-
cheroni (2002) when specialised to our setting. Maccheroni (2002)
provides very general (axiomatic) conditions under which a con-
cave preference functional obtains and provides a representation
of such preference functionals analogous to the representation ob-
tained in Theorem 3.1. With the additional structure of our domain,
we can make stronger assumptions about preferences and reach
stronger conclusions. We provide below a more careful compar-
ison between his theorem and our representation. A preference
=C D[0, 1] xD[0, 1]is acomplete and transitive binary relation on
D[0, 1]. Our first axiom stipulates that preferences are continuous.

Axiom (Continuity). The sets {G : G -, F} and {G : F = G} are
closed for all F € DO, 1].

For our next axiom, we follow Rader (1972). Essentially, we
require that the indifference sets do not become too close to
each other too quickly. Rader (1972) calls this property uniform
sensitivity. Continuous preferences that are uniformly sensitive
can be represented by a Lipschitz continuous utility function,
which will be crucial in what follows. We emphasise that uniform
sensitivity, like continuity, is a structural axiom.

To state the axiom, we need some additional notation. For
A, B C D0, 1] disjoint, define

%(A, B) = inf{d(F,G) : F € A, G € B}.

If A = {F} is a singleton, we shall write $(F, B), dropping the set
notation for F. Notice that $) is a semimetric (or pseudometric), but
not a metric.

Forany F € D0, 1], let the indifference class of F be denoted by
[F], the upper contour set be denoted by L; (F) .= {G € D[0, 1] :
G - F} and the lower contour set by L” (F) := {G € D[0, 1] : F =
G}. We are now ready to state our axiom.

Axiom (Uniform Sensitivity). Preference - is uniformly sensitive if
there exists t > 0 such that for all F, G € D[0, 1],

d(F*,G") > to(F, [G])
forall F* € [F] and G* € [G].

To see the intuition behind the requirement, consider some F
and G such that F ~ G. $(F, [G]) represents the smallest distance
from F and the indifference class of G. Uniform sensitivity says that
the distance from any other F* indifferent to F to any other G*
indifferent to G is at least some fraction of the distance $(F, [G]),
and moreover, this fraction is independent of F and G. Another
axiomatisation for Lipschitzian utility is provided by Mas-Colell
(1977), who describes the assumption as ‘...concept ...is devised
to capture the idea of indifference curves fitting together not too
wildly’.
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Rader (1972, Chapter 6, Theorem 23) shows that a preference
is continuous and uniformly sensitive if and only if it admits a
Lipschitz continuous utility representation. Lipschitz continuity of
a concave utility representation will be useful to us in two ways.
Firstly, Lipschitz continuity of the representation says that the
utility function has a superdifferential (in the sense of convex
analysis) at each point on the domain. Second, Lipschitz continuity
ensures that we can integrate marginal utility along Lipschitzian
paths in D[0, 1], thus enabling us to perform local utility analysis,
even though the objects of our analysis are not smooth.

Our main behavioural axioms are a weakening of the classical
Independence axiom. The first axiom states that the agent’s
preferences are convex.

Axiom (Weak Convexity—WC). If F ~ G, then %F + %G = F.

Clearly, this represents a pessimism in the agent’s approach
to valuing lotteries. (It is also a weakening of Independence.)
Moreover, it represents the preference of the parent in the example
of Machina’s Mom. Weak Convexity, also referred to as Mixing,
is the central axiom in Cerreia-Vioglio (2009), who provides a
representation for preferences that satisfy Weak Convexity and
some variations of Continuity.

Our next axiom is another weakening of Independence, to
which we shall refer as Zero Independence and was introduced by
Safra and Segal (1998).

Axiom (Z-Independence). F ~ F*and « € [0, 1] implies oF + (1 —
a)Go ~ aF* + (1 — a)Gy.

Roughly put, the idea behind the axiom is that the decision
maker can easily visualise mixtures with Gy, the probability
measure concentrated at 0. (But also see Safra and Segal, 1998 for
a more thorough discussion of this axiom.) The next axiom is an
extremely weak monotonicity condition.

Axiom (Weak Monotonicity—WMon). For all F # Gy, F > Gy.

Weak Monotonicity is very mild, merely requiring that every
lottery be strictly preferred to the lottery that gives 0 with
probability one. We now turn to our representation theorems.

We note that the axioms Continuity and Weak Convexity
appear in Maccheroni (2002), while our Z-Independence is
analogous to his Best Outcome Independence. He assumes that
there is a best outcome, which is analogous to our requirement
of Weak Monotonicity. His abstract setting does not permit
an analogue of our axiom Uniform Sensitivity unless more
assumptions are made on the set of outcomes, which is what we
have done.

5.1. Representation theorems

We are now able to state our main representation theorem.

Theorem 5.1. Let - be a preference that satisfies Weak Monotonicity.
Then, the following are equivalent:

(i) = satisfies Continuity, Uniform Sensitivity, weak Convexity,
Z-Independence.

(ii) There is an equi-Lipschitzian set U of utility functions on [0, 1]
such that

V(F):min[/udF:ue‘u} (6)

is Lipschitz continuous and represents -, and where U is norm
bounded in C[0, 1], weakly closed and convex, and satisfies
JudGy = [vdGforallu,v e U

Given such a set U, any other set of the form alUl + b where
a > 0,b € R also induces a utility function (as in Eq. (6)) that
represents -. Finally, there is a U that is smallest (in the sense of set
inclusion) amongst sets satisfying Eq. (6) above.

Once again, we note that a version of the representation (6)
above has been obtained by Maccheroni (2002). The difference
between his analysis and ours stems from the choice of domain. His
choice of domain is lotteries with finite support over an arbitrary
set Z. The set Z need not have any topological structure, and hence
the vN-M utilities obtained are just functions from Z to R. Since
Z has no topology, we cannot say anything about their continuity.
In contrast, we let Z := [0, 1], and assume Uniform Sensitivity.
This lets us obtain a set of utility functions U in the representation,
where every function in U is Lipschitz continuous. Finally, in
spite of the similarity between the representations obtained here
(Eq. (6)) and in Maccheroni (2002), the proofs are quite different,
and we cannot appeal directly to the analysis in Maccheroni (2002).

We end with the observation that there are many preference
functionals that have an envelope representation but do not satisfy
Z-Independence (Axiom in Section 5). (Note that any Lipschitz
continuous, concave preference functional immediately satisfies
Continuity, Uniform Sensitivity, and Weak Convexity.) To see this,
consider two vN-M utility functions uq{,u, € CJ[0, 1] that are
Lipschitz continuous such that u;(0) # u,(0), and consider the
set U := conv{uy, uy}. Then, the preference functional V(F) =
min|[ f v dF : v € U] has a canonical envelope representation as
in (1), but clearly does not satisfy Z-Independence.

Appendix. Proofs

For expositional convenience, we repeat some of the definitions
and ideas in the text. Appendix A.1 proves the existence of an
envelope representation (1). Finally, Theorems 4.1 and 4.2 and
Proposition 4.3 representing the local utility analysis are proved
in Appendix A.2.

A.1. Envelope representation

In this subsection, we complete the proof of Theorem 3.1. We
first recall a (version of a) result of Ergin and Sarver (2010a) (a
generalisation of which is in Ergin and Sarver (2010b)), which in
turn is an extension of the Mazur density theorem.

Theorem A.1. Let X be a separable Banach space, and C C X a
convex set whose affine hull is dense in X. Let f : C — R be a concave
function that is Lipschitz. Then, there exists a weak® compact, convex
set M C X* such that

o = min[(x,x") = f*(x"]

where f*(x*) = infyec[(x, X*) — f(x)] is the Fenchel conjugate of
f. Moreover, there exists a smallest set M that satisfies the relation
above.

The last part of the theorem can be interpreted as saying that
there exists a greatest concave function g : X — R that dominates
f,thatis g > f, that is finite everywhere, and is equal to f on C.
Since X is separable, it follows that .M, since it is weak* compact,
is also metrisable (Theorem 6.34 of Aliprantis and Border, 1999).
If C is compact, it follows immediately from Berge’s Theorem of
the Maximum - see, for instance, Ok (2007) - that f* is (weak™)
continuous on M. We now move to the proof of Theorem 3.1.

Proof. For ease of exposition, we reproduce some of the defini-
tions from the text. Recall that a functional ¢y € L*°[0, 1] is a sub-
gradient of V at Fy € D[0, 1] ifforall F € D[0, 1], V(F) — V(Fy) <
(F — Fo, ¢o) (where (F, ¢) = fF(p). The set of all subgradients
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of V at Fy is denoted by dV (Fy). Since V is Lipschitz continuous,
it follows from a theorem of Gale (1967) that V has a subgradi-
ent at each point in the domain. Moreover, the subgradient has is
bounded uniformly by M.

The conjugate functional V*(¢o) = infreppo,1)[(F, o) — V(F)]
is (weak*) continuous, and ¢ € dV(Fp) if, and only if, V(Fy) +
V*(po) = (Fo, ¢o). By the theorem above, V can be written in the
form V(F) = min[ [ Fp — V*(p) : ¢ € F] where ¥ is a weak*
compact, convex subset of L*°[0, 1], i.e., V is the minimum of a
family of affine functionals, and the family is indexed by a weak*
compact convex set. Also, foreach ¢ € F, |l¢llo, <M.

Forany ¢ € #,defineu(x) :== — [y @ + [ ¢ — V*(p) which is
clearly Lipschitz continuous of rank M. This gives us the set U and
integration by parts gives us the representation (1).

It is easily seen that we can replace U by its closed, convex hull,
therefore we will take U to be closed and convex. Since eachu € U
is Lipschitz of rank M > 0, it follows that U is norm bounded, and
also compact. O

A.2. Proofs from Section 4

We begin by stating a variation of Theorem 1 of Milgrom and
Segal (2002). Let X be achoice set,t € [0, 1]andg : X x[0, 1] —> R.
Then, the value function and choice correspondence are

@(t) := min[g(x, t) : x € X]
X't ={xeX:gkxt)=a(@)}

We shall say that g is uniformly semismooth if, there exists a set
E C [0, 1] of full measure, i.e., Leb(E) = 1, such that for all
x € X, g(x, t*) existsif t* € E.

Theorem A.2. Let t* € [0,1] and x* € X*(t*), and suppose
g (x*, t*) exists. Then, if @ isdifferentiable at t*, @' (t*) = g, (x*, t*).
If @ is differentiable almost everywhere and if g is uniformly
semismooth, there exists a set Ey C [0, 1] with Leb(Ey) = 1such that
forall t* € Ey, @'(t*) = g, (x*, t*), that is, for each t* € Eq, ®'(t*)
and g;(x*, t) exist and are equal.

Proof. The first part of the theorem is Theorem 1 of Milgrom and
Segal (2002), so we do not provide a proof. For the second part, let
@ be differentiable on E; where Leb(E;) = 1. Since g is uniformly
semismooth, there is a set E of full measure such that for all x €
X, 8 (x, t*) existsif t* € E.Let Ey := E;NE. Notice that Ef = ESUES,
so Leb(E§) = 0, which implies Leb(Ey) = 1. By construction, & is
differentiable on Eq and for all x € X, g (x, t*) exists if t* € Ey. The
conclusion then follows from the first part of the theorem. O

We turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. Again, we recall some notation from the
text. Let F(-, t) be a path that is equi-Lipschitzian and uniformly
semismooth, we see that the function @(t) = V(F(-, 1)) is also
Lipschitz (since it is the composition of two Lipschitz functions),
hence differentiable almost everywhere, and also the integral of
its derivative, i.e., Eq. (4) holds. Therefore, all that remains to be
shown is that Egs. (2) and (3) hold.
Notice that for any path F(-, t), we may write

D(t) = min[g(tp, t):p € T]

where g(¢, t) = fF(~, () —V*(¢)and F C L*°[0, 1] is weak*
compact and convex (as in Theorem 3.1 above), with V*(¢) =
supgeppo.13]/ F@ — V*(¢)] being the Fenchel conjugate of V.

In other words, @ is the pointwise minimum of a family
of functions, and Eq. (2) corresponds to an envelope condition
and (3) corresponds to interchanging the order of differentiation
and integration. If Eq. (2) can be established, Eq. (3) follows by
assumption.

But the path F(-, t) is uniformly semismooth, so the function
glp, t) = fF(~, t)p(-) — V*(p) is uniformly semismooth in
the sense of Theorem A.2 above. Therefore, by Theorem A.2,
Eq. (2) holds. Moreover, by the assumption that F (-, t) is uniformly
semismooth, Eq. (3) also holds, which completes the proof. O

We now present a proof of Theorem 4.2. Since the proofs follow
from the local utility analysis of Machina (1982), we shall only
provide a sketch of the main argument.

Proof of Theorem 4.2. (ii) implies (i). Suppose F* first order
stochastically dominates F. Then, the path F(-,a) = F +
a(F* — F) is uniformly Lipschitz and semismooth. By The-
orem 4.1, we may use Eq. (4) so that V(F*) — V(F) =
fol [fol v(x, F(x, a*)) dF*(x) — dF(x)] do* > Osincev(x, F(x, a*))
is nondecreasing in x for all F(-, a™).

(i) implies (ii). Suppose that for the cdf F(-), there are 0 < x* <
x** < 1 such that for some local utility function of F, say v(-, F),
we have v(x*, F) > v(x**, F). Let F*(-, a) := aGy + (1 — &)F and
F*(-, ) := aGy+ + (1 — a)I:". Clearly, these paths are uniformly
Lipschitz and semismooth. Then, by Eq. (3),

d 1
o (/ v(x, F(x, a®)) dF(x, a))
0

=v(x*, F) — v(x**,F) > 0.

a=0

Therefore, for a small «* > 0, F*(-, a*) stochastically dom-
inates F*(-, a*), yet V(F*(-,a*)) > V(F**(-,«%)), which is a
contradiction. O

Finally, we prove Theorem 4.5.

Proof of Theorem 4.5 ((i) implies (ii) (Sketch)). As in Machina
(1982), suppose for some cdf F**, there are no local utility functions
v(-, F**) and v*(-, F**) such that v(-, F**) is at least as concave as
v*(-, F**). Then, we follow Machina (1982), and use our Eq. (3),
thereby reaching the same contradiction as Machina, while noting
that all the paths used in the proof are uniformly Lipschitz and
semismooth.

(ii) implies (iii). We present this part in some detail, since
Machina (1982) relies on the differentiability of the preference
functional, a route we cannot directly follow. As in Machina (1982),
let F* differ from F by a simple compensated spread from the point
of view of V*. Define ¢ := max[F* — F, 0], ¢~ := min[F* —F, 0]
and F(x, a, B) := F(x) + a¢pt (x) + Bo~ (x).

Let Q(o, B) = V*(F(-,a, B)). It is easily seen that Q is
Lipschitz and concave. Moreover, since V* is strictly monotone
(withrespect to first order stochastic dominance), Q (-, 8) is strictly
decreasingin § foreach « € [0, 1] and Q («, -) is strictly increasing
in « for each 8 € [0, 1]. Therefore, for each @ € (0, 1), there exists
a unique B such that Q (e, B(e)) = V*(F). This implies that the
subdifferential 9Q is a matrix of full rank for each («, §). Therefore,
by a nonsmooth Implicit Function Theorem, as in Clarke (1983,
Chapter 7, p 255), there exists a solution 8(«) that is Lipschitz in
a neighbourhood of «. By the uniqueness of the solution, we see
that there is a unique function 8(«) on [0, 1] that is Lipschitz. The
Lipschitz continuity of B(«) implies that the path F(-, &, B(c)) is
uniformly Lipschitz and semismooth, so Theorem 4.1 applies. We
follow Machina (1982) to complete the proof.

(iii) implies (i). Follow Machina (1982) without change. Under
the assumptions that weak local utility functions are differentiable
and that individuals are diversifiers, we can show that (ii) and (iv)
are equivalent. We follow Wang (1993) for the proof. Roughly,
he shows that the paths described in Machina (1982) can be
approximated by smooth paths (that are consequently uniformly
Lipschitz and semismooth). Continuity of the functions V and V*
then allows us to draw the required conclusions. O
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Proposition A.3. Suppose V(-; o) and u are as above. Then, there
exists a family of affine functions v(x, t) : [0, 11> — R such that
foreach a € [0, 1] and lottery F,

V(F, &) = min [/ [av(x, 0) + (1 — @)u()]dF(x) : t € [0, 1]]

Proof. Recall that u [0,1] — R is concave, Lipschitz and
increasing. Then, forany t € [0, 1], u(t) =: t[u/(s)|s= | + ¢, which
implicitly defines ¢, € R. Now define, foreacht € [0, 1], v(x, t) =
xu'(t) + c;, so that each v(x, t) is an affine function of x. Let
Uw) = {vx,t) : t € [0, 1]} be a set of utility functions. By
construction, u(x) := min{v(x) : v € U(u)} (and is concave). For
any distribution F, denote its mean by ur := f xdF.

Notice that for any lottery F, min{ [ v(-,t)dF : t € [0, 1]} =
u(ur), since fv(-, t)dF = v(ur, t) foreach t € [0, 1]. Therefore,
forany o € [0, 1],

V(F;a) = min{/[av(x, B+ (1 —au®]:telo,1]

= au(ur) + (1 —a)[udF

as desired. O

To see more clearly the connection with e-contamination, let
Uy = aU(U) + (1 — a)u, be a set of utility functions, where U (u)
is defined in the proof above. Then, for any « € [0, 1], V(F; o) =
min[ [ w dF : w € Uy].

Since each v(x, t) is affine, it follows that reducing « is a
concavification of cv(x, t) + (1 — a)u(x). Thus, a smaller @ means
all the local utility functions are more concave, so that a smaller o
implies a greater risk aversion, as in Theorem 4.5 above.

A.3. Autility representation

We shall first obtain a utility representation in a general setting.
Let X be a compact, metrisable and convex subset of a topological
vector space, and let d(-, -) be a metric that induces the relative
topology. - is a preference relation on X. We shall assume that it is
continuous. Let - satisfy the following axioms.

Axiom (Homothety). There exists y* € X suchthatforallx{, x, € X
and « € (0, 1), x; ~ xy implies ax; + (1 —a)y* ~ ax; + (1 —a)y*.
In this case, we shall say that - is homothetic with respect to y*.

Axiom (Weak Convexity). Forallx € X, {y € X : y = x} is convex.

Axiom (Weak Monotonicity). For all x € X, x # y* implies x > y*.

We shall refer to these as the homothety and convexity
properties of the preference . Following Rader (1972), consider
the following definition of distance between subsets of X. (Note,
this is not a metric.) For subsets A, B C X, define

$H(A,B) = inf{d(x,y) : x € A,y € B}.

If A = {x} is a singleton, we shall write $(x, B), dropping the set
notation for x.

For any x € X, let the indifference class of x be denoted by [x],
the upper contour set be denoted by L;r x)={yeX:yrzx}and
the lower contour set by L (x) := {y € X : x 7 y}. We now turn to
an axiom that delivers Lipschitz continuity of the utility function.

Axiom (Uniform Sensitivity). Preference - is uniformly sensitive if
there exists t > 0 such that forallx,y € X,

dx.,y) > tH(x, [y
forallx' € [x]and y € [y].

Let us now define a utility function on X as follows. Forall x € X,
v = 9L, LZ09) = 9(LE Y, L2 ).

Notice first that v(y*) = 0. Notice also that if x > y*, Lz(x) N
L-(y*) = @, while LZ(y*) NLZ(x) # @, so that v(x) > 0. We shall
now establish some properties of v.

Theorem A.4 (Rader). The preference > is continuous and uniformly
sensitive if, and only if, there exists a function v that represents - and
satisfies a Lipschitz condition.

Proof. The proof is in Rader (1972). We merely provide some
details for completeness. Recall that v(x) == §(Lf (x), LZ(v*)) —

9(LE (). L (%)), where one of the terms in the difference is 0.
As in Rader, it may be shown that for any x,z € X with x =
2, 9(Lf ), LZ(2)) = 9([x], [2]). Therefore, for all x,z € X, we
have

v —v@)] = [9([x], v*]) — 5 (2], b*]1)] -

Fact (i). For any ¢ > 0, there exist X' € [x] and z’ € [z] such that
) —v@)| < H(K. [y]) — (2. y']) +e.

Fact (ii). We can choose y’ € [y*] such that
9z, Y1) + & > dZ.y).

Fact (iii). Moreover, (x', [y*]) < d(x, y') (by definition of §).
Hence,
) —v@)| < 9(x, 1) —9(z, y]) + & (Fact(i))
dx',y) —d(Z,y") +2¢ (Facts (ii) and (iii))

<
< d(X,z') +2¢ (triangle inequality)

N

%53([)(/], [z']) (uniform sensitivity)
1
< 7d(x7 Z)

t

since H([x'], [z']) = H([x]. [z]) (by definition of §) and d(x, z)
> tﬁ([x], [z]) by uniform sensitivity. Therefore, v is Lipschitz
continuous. Now to show that v represents -.

By definition of v, x - z implies v(x) > v(z). We now prove the
converse. Suppose v(x) > v(x'). There are two possible cases of x’
with respect to y*. The first case is where ' > y*, from which it
follows that v(x') > 0. In this case, x > y, since otherwise would
imply that v(x) < 0, contradicting the hypothesis that v(x) > v(X).
We claim that x >~ x". We shall prove the contrapositive.

Ifx > x, 9([x], [x']) =t ¢ > 0 by uniform sensitivity. Consider
X € [¥]andy € [y*]. Since X' > x, there exists o € (0, 1) such
that ax’ + (1 — «)y =: xo ~ x. Therefore,

d()_‘/v ‘)_/) = d()_(/a XO) + d(x()v J_/) > d(X()v .‘_/) + e

from which it follows that H([x'], [y*]) > $([x], [y*]) + &. This
implies v(x') > v(x), as desired. The case where y* > X’ is treated
similarly. O

Notice that the proof above did not require that X be compact.
We shall now show that homothety will make v suitably affine and
weak convexity will make v concave (and not just quasiconcave).

We shall say that a function v : X — R is homothetic with
respect to y* (or simply homothetic) if v((l — X+ Ay*) =(1-
Mvx) + Av(y*) forall A € (0, 1).

Proposition A.5. Let X be compact and v defined as above. Then, v
is homothetic with respect to y* if and only if - is homothetic with
respect to y*.



174 K. Chatterjee, R. Vijay Krishna / Mathematical Social Sciences 62 (2011) 166-175

Proof (Sufficiency). Let x € X and let us suppose x = y*. Then,
v(x) = .6([2(], [y*]). Moreover, since X is compact, there exist
x € [x]andy € [y*]suchthatd(x,y) = f)([x], [y*]), which implies
v(x) = d(x, y).

Now fix @ € (0, 1). By homothety of - it follows that [(1 —
a)x + ay*] = (1 — a)[x] + ay* and that [y*] is convex. Moreover,
d((l —a)x+ Ay, (1 — )y + ay*) = (1 — a)d(x,y), since d is
induced by a norm.

Then, H([(1 — )x + ay*]. [y*]) < d((1 — @)X + Ay*, (1 —
o)y + ay*) = (1 — a)d(x,y), where the inequality follows from
the definition of $). Again, since X is compact, there exist x,, ¥ € X
such that

d(Ra» Jou) = H(I(1 — )x + ay*], [y*]).

Llet X,y € X be such thatx, = (1 — @)X + ay* and j, =
(1 — o)y + ay*.Butd(xe, Jo) = (1 — @)d(x,y) > (1 — 0)d(x, y).
Therefore,

H(I( = @)x +ay*], [y*]) = (1 — 0)d(, ).

But this implies v((1 — a)x + ay*) = (1 — &)v(x) + av(y*)
since v(y*) = 0. This proves that v is homothetic. The case where
y* = x is handled similarly. Necessity is straightforward. O

In what follows, say that v has a worst element if there exists
a unique minimiser of v on X. We can collect all the observations
above in the following proposition.

Proposition A.6. Let X be compact, and - a preference relation on X.
The following are equivalent.

(i) = satisfies Homothety, Weak Convexity, Weak Monotonicity and
Uniform Sensitivity.

(ii) There exists a function v : X — R that represents - such that
v is homothetic with respect to y*, concave, Lipschitz and has a
unique worst element.

Proof. It is easy to see that (b) implies (a). To see that (a)
implies (b), notice that by Proposition A.5, there exists a utility
representation v that is Lipschitz and homothetic with respect
to y*. By Weak Convexity, v is quasiconcave. Therefore, all that
remains to be shown is that v is concave and has y* as its worst
element.

Translate X by —y*, so that we now consider the set X — y*.
Letting K be the cone generated by X, we can extend v by positive
homogeneity to K. Abusing notation, this extension will also be
denoted v. By Weak Monotonicity, it is the case that 0 = v(f) <
v(x) for allx € K \ 6. Theorem 2 of Korablev (1998) says that v is,
in fact, concave. In particular, this means that v restricted to X is
also concave. O

We now relate the propositions above to the objects in our
model. A functional V : D[0, 1] — R is said to be Gy-affine if
V(aF+(1—a)Go) = aV(F)+(1—a)V(Gy) forall F € D[0, 1], €

)

Proposition A.7. A preference - on D0, 1] satisfies Continuity,
Uniform Sensitivity and Z-Independence if, and only if, there exists a
function V : D[0, 1] — R that is Lipschitz continuous and is Go-

affine. Moreover, V is unique up to positive affine transformation.

Proof. In terms of the axioms introduced in this section of
the Appendix, let X = D[0,1] and y* = Gy. Then, by
Proposition A.5 above, there exists a utility representation that
is Lipschitz continuous and Gp-affine. The fact that the utility
representation is unique up to positive affine transformation
follows from arguments in Maccheroni (2002). O

Proof of Theorem 5.1. Let V be the preference functional ob-
tained above. As before, take X = D[0, 1] and Gy = y*. Then, the
desired conclusion follows from Proposition A.6 above. O

A.4. Differentiability

The usefulness of differentiability hypotheses on the preference
functional V : D[0, 1] — R was first noticed by Machina (1982).
However, the notion of Fréchet differentiability used by Machina
is too strong to accommodate Rank Dependent Expected Utility,
as observed by Chew et al. (1987), who instead use the weaker
notion of Gateaux differentiability of the preference functional,
and demonstrate that local utility analysis is nonetheless possible.
An extensive and extremely thorough discussion of Gateaux and
Fréchet differentiable preference functionals in L? spaces, and their
relation to various models, can be found in Wang (1993). The
notion of Hadamard derivative is used by Chew and Nishimura
(1992), again for the purposes of local utility analysis.

To understand the various notions of differentiability, let X be a
Banach space, X* the dual space of X, and @ : X — R a mapping.
The function @ is Gdteaux differentiable at x if there is an element
x* € X* - also denoted D® (x), the Gdteaux derivative at x - such
that forallv € X,

lim w = (v, DD (X)).
tl0 t

Notice that the convergence is uniform with respect to v in
finite sets (by definition). The requirement that convergence be
uniform with respect to v in compact sets defines the Hadamard
derivative; on bounded sets defines the Fréchet derivative. (There is
another notion of a differential due to Bourbaki, known as the strict
derivative, which is closely related to Clarke’s notion of generalised
subgradient—see Clarke, 1983 for details.) In finite dimensional
spaces, Hadamard and Fréchet differentiability are equivalent (as
a consequence of the Heine-Borel theorem), and strictly stronger
than Gateaux differentiability. In infinite dimensional spaces, the
three notions are distinct, and progressively more stringent.

Our assumption that the preference functional is concave and
Lipschitz ensures that the subdifferential exists at each point on
the domain. In general, if the (concave or convex) preference
functional is Gateaux, Hadamard or Fréchet differentiable at some
point, the derivative corresponds to the subgradient.

One of the difficulties with the various differentiability
hypotheses is that they require information about the values of
the preference functional outside the domain D[0, 1]. Indeed, in
the case of Fréchet differentiability, for each point in the domain,
the Fréchet derivative provides a linear approximation of the
functional in an open neighbourhood of the domain. But D[O0, 1]
does not have an interior point, and it is not clear how the values
of the functional are to be ascertained outside the domain. A
way to interpret the envelope representation (1) is as follows:
For any preference functional V : D[0, 1] — R that is concave
and Lipschitz, there is a unique greatest proper concave (and
hence Lipschitz) function that extends V to the entire domain. Put
differently, in our setting we assume that the preference functional
is concave and Lipschitz, and then show that it can be extended
to the entire space. Fréchet differentiability is tantamount to
the assumption that the preference functional can be extended
uniquely to an open neighbourhood of the domain.

A.5. Lipschitz continuity

The assumption of Lipschitz continuity of the preferences (and
the corresponding preference functional) serves two purposes:
the intrinsic and the extrinsic. Rader (1972, p 171) uses it for
the intrinsic purpose, which is to ensure that difference in utility
levels at any two points is the integral of the marginal utility
along Lipschitzian paths connecting these two points. Of course,
the paths that are relevant for us are defined implicitly by the
preference functional. Here too, we use the Lipschitz continuity
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of the preference functional and a nonsmooth Implicit Function
Theorem to show that the induced paths over which we integrate
are, in fact, Lipschitzian.

The extrinsic purpose is to ensure that the preference functional
does not increase too quickly which, in turn, ensures that if the
preference functional is concave, for instance, a subgradient exists.
This is closely related to the cone condition of Mas-Colell (1986).

We should mention that Mas-Colell (1986) works with
preferences on a Banach lattice, and his condition is named uniform
properness. It is informally referred to as a cone condition since
it implies that existence of a cone with a nonempty interior that
can be suitably translated. This nomenclature will be clarified next,
where we will look at the analogue of the cone condition for
preference functionals.

Suppose E is a (locally convex) topological vector space, C C E
is convex and ¢ : C — R is concave. Then, ¢ is subdifferentiable
at x if, and only if, there exists a seminorm p : E — R such that
o) — ¢(x) < p(y — x). The analogue of Mas-Colell’s cone (or
uniform properness) condition is to assume that such a seminorm
p exists, and is the same for each x € C.

In particular, let X be a normed space, C C X be convex and
¢ : C — Rbe concave. Then, ¢ is subdifferentiable at x if, and only
if, there exists M > 0 such that ¢ (y) —¢(x) < M |ly — x||. Lipschitz
continuity ensures that such an M exists and is the same for each
x € C.Itis clear that M ||-| is a seminorm, which establishes the
connection to the general case.

Foreachx € C,letH(x) .= {(y,t) e X®R : f(x)+p(x—y) < t}.
It is clear that H(x) and hypo(f) .= {(x,t) e X® R : t < f(x)} are
disjoint. Moreover, H(x) is an open convex cone. Therefore, there
is a (closed) hyperplane that separates the two sets, which allows
us to claim that there is a hyperplane that supports hypo(f) at
x. The cone condition says that the same set H works (to provide
a separating hyperplane) for each x € C, which is equivalent to
the assumption above that there exists a seminorm p such that

o) — o) <ply —x) forallx,y € C.
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